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) A special class of closed-loop systems composed :

K. of a controller and observer 1in cascade are analyzed. .
h) .
", The plant dynamics. are- assumed to be-linear and time- 1
14 :
; varying but the system parameters are uncertain, The
N .
y class of observation functions is restricted to those J

) _ &
Y that can be transformed into a linear structure in the Q

» :
> state called pseudo-linear measurements where the coef-

7 ]
g ficient may be an explicit function of the original P

3 "
3 measurements. If along a given path the state vector is }
. h
: observable, then the estimation error of a linear ob-

I i
) server structure can be shown to be asymptotically ?
A o
N stable. The emphasis is on deriving and analyzing gen- N

)
eral Lyapunov functions which indicate system stability
) K3
o or a measure of system perfrrmance under parameter vari- ) .l e
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1 / ations. The first Lyapunov function isk developed by !
4,
L) 4
D
% combining the separate controller and observer Lyapunov A
iy ) , \ .
functions, both of which are quadratic. This combined .
? Lyapunov function 1is not wvalid for all 1linear, time- :
L
f varying, closed-loop systems. However, the weightings :
A
. - H
) in the controller performance jindex are scaled such that
: the combined Lyapunov funetion is valid for these sys- )
A
) tems, Further, this Lyapunov function provides a means )
)
o ;
. for developing a more stable system through an overall
7 1
3 design selection of the controller and observer parame- ¥
* ¥
S ters.
b \ .
. " A second Lyapunov function is derived to account
| for the system where the controller is a function of the ]
™ o 0
35 estimated states. This Lyapunov function is valid for
! linear, time-varying, closed-loop systems. ;
b’ '
. o \
' - . : ; ; i ]
1 “~A third Lyapunov function is derived to directly
4 \
account for parameter uncertainties in the system model.
v .
” This Lyapunov function 1is very wuseful 1in identifying
{
[
N, system instabilities, given system parameter variations. {
' 4
) All three Lyapunov functions are valid for linear, '
,; time-varying, and certain classes of nonlinear systems. }
2 )
3 For 1linear, time-varying, finite-timez problems, the o
Ly 0
) Lyapunov function derived for system parameter varia-
B P
‘ tions is used to provide a measure of system performance o«
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;L given these system variations. This Lyappnov function
»L is also used to provide a measure of system performance g
[4
X
’ for the homing missile guidance problem.
2
N
’} A new control law is developed to improve the
L . .
X performance of the pseudomeasurement observer in the !
& guidance loop. The control law is developed from linear
- 0 o . . .
N quadratic Gaussian theory to minimize the final relative f
) ,
N position states and, in addition, improve the
psuedomeasurement observer's performance by increasing
o
\ . x » . *
o, the observability Grammian matrix. Because of the linear
[
*
> quadratic nature of the problem, a closed-form solution
[ is obtained. The performance gain is measured by the
)
, Lyapunov function. .
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SECTION I

INTRODUCTION

1.1 Background

The

The focus of this research is in two areas.

first part is to develop a means of analyzing the per- N

. formance of closed-loop systems with an observer in the

feedback loop, providing state estimates to the control

law. Particular emphasis is placed on the homing mis-

d sile guidance prob

em. For this class of problems, the

[

5 observer 1is nonlinear [189,129]. The second part is to

use the information provided from the stability analysis

PSR ST PRI

r to design a better guidance law.

linear, time-invariant systams, the eigen-

ALK,
rr
(e}
2}

values of the system matrix can be used to determine

A e

s stability. For continuous-time systems, the eigenvalues

! of the system matrix must have negative real parts for

PR

the system to remain stable, For discrete-time systems,

ot

r the eigenvalues of the state transition matrix must

hin t¢he unit circle for <he ZJiscrete gystem =0

et

tt

remain wi

remain s+table.

RS AR

L}
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X For linear, time~-varying systems, eigenvalue }

Ayl of

3 . . . . . |

; analysis may nhot provide us=ful 1information. It is pos- o

{ I“

; sible for the closed-loop system to be unstable even 1if i

" all the eigenvalues have negative real parts for all !

;. " ‘.‘

4 t > t@. It is also possible for the system to be asymp- y

by s!

b totically stable even 1f all the eigenvalues of the X

; closed~loop system matrix are constant and some have po- é

s o Y
sitive real parts [139]. .

’ y

There have bsen fforts to eapply =eigenvalue

. -

" L)

. analysis to certain classes of linear, time-varying sys- A

K

tems. Rosenbrock [110] investigated linear, time-

[
>

varying systems 1in which the rate of change of the

A %
X .
¥ . . . .
; time~-varying elements of the system matrix were suffi- :
: ’
¥ cilently smzall. He was able to obtain explicit bounds ;
\ &
fcr the time-varying elaments where in the system would
Bt
. ramain stadble. His study was limit=d to system matri- "
- .) 3
L Cl2s tnat ware 1n canonical! form. >
f - . . . . . [ ¢
In a more recent study, wWu [139] has develoved a "

means of determining the necessary and sufficient condi-

tions for the asymptotic tability of linear, time-

varying systems. His work involves the concept of mode :

"™

vectors. Wu defines mode vectors in terms o0f the ex- .

L]

tended eilgenpairs (the extanded eigenvalues and the 2x- .

. - . . . . . i

‘ tanded 2igenvectors) of tne time-varying system matrix, K,

¢

.‘ v

i For nonlinear, closed-loop systems, eigenvalue %'
J

a ¢
:

. S
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analysis involves linearizing the system about some non-
singular operating point. This can be useful for sys-
tems with small nonlinearities; however, the stability
analysis is only valid in an arbitrarily small region

about the point of linearization.

A stability analysis concept which has received
much attention 1s Lyapunov's stability theory. The
theory can be applied to the class of linear systems and
certain classes of nonlinsar systems, as well as certain
classes of stochastic systems. Given x(t), an n-
dirensional vector, and an initial time, tg, define
Xn(t) to be the nominal x(t). xn<t) is stable in the
sense of Lyvapunov 1f to each <>0, there corresponds a
Y, sach that for any solution, xn(to),

n(tg),x(tg)]<6, then
d[xn(t},x(t)]<< for all tz_tC [381. This 1s Known as

Lvagunov's £first nsthod and is applicadle onlv 1in &

small region near the singularity [38]. This will be

discussed 1in more detail in Section II.

[P P

-r,

A useful approach to determining system stabili-

ty 1is the second method of Lyapuncv (or the direct

s e N v e e

method) . This method involves the selection of a gen-

» N

eralized scalar potential function, called <« Lvapunov
funceinn., Tne sslec+ted Lyvaopunov function 1s tested for

ertzin conditions that dencte sStability. Lyapunov

o X

- {

,‘f o, = ,-f ~( .J' !‘¢
L) » L) .
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functions are not unique for any particular system, and
can be difficult to obtain for some systems. In addi-
tion, the second method of Lyapunov is only a sufficien-
cy test for stability. The significance of this point
is a candidate Lyapunov functinn that doesn't satisfy
the stability conditions, does not provide any informa-
tion concerning system stability. This means that a
different candidate function is needed for the Lyapunov
analysis. However, if a valid Lyapunov function can be
found, this method provides a powerful stability-

analysis tool.

The applicetion of Lyapunov's second method to
linear feedback control systems and estimation algo-
rithms has received much attention [17,101]. Moore and
A&nderson [106l} analyzed the stability properties, via
Lvapunov's second method, for the linear, discrets-time
ootimal regulator problem. In the same pap2r, they
developed the stability characteristics of a linear ecs~-

timator. However, the state estlmates are not usei in

49

any way 1in the <c¢losed-loop control systems. Song and
Speyer {119,120] applied Lyapunov's second method to a
class of nonlinear estimation algorithms which are of
the modifiable type. Modifiable implies that the non-

linearities in either ¢th m dynamics Or measurement

1]

syst

[(]

r function of the

8}

model can be maniozulated 1nto a line

states.
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The application of Lyapunov's second method to
analyzing the stability of closed-loop control systems y
containing an observer in the control/feedback loop has
received very little attention. In a recent paper by
Geering and Basar [49]), a Lyapunov function 1is identi- )
fied for the standard linear quadratic reguiator problem
with a linear, full~order state observer. They identi-

fied a Lyapunov equation for this system and used the

solution in a cost functional of the form

T
J = g vg (1.1} “
where b
v, 717 *
g = [x"'=2"" (1.,2)
nd x 1g the <true stztz2 and 2 i3 the observer error.

Trnis Lyapunov function is used to show that the linear
guadratic regulator problem has 2 superior control gain 0
for every arbitrary choice of the observer gain if and

only if the observer is initialized with the true state

[49].

The stabilixt analvsis of closed-loop systems
with observers 1in the loop 1is a very important issue
Since, 1in most realistic environmen<s che full  true

state information will not ©e available for tne control 0

Ll
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law. The <certainty equivalence principle ([39] 1is the ,

basis for combining the separately designed optimal con- ,

- T o -

troller and optimal estimator into a cascaded optimal k
b feedback control system. Given this, is it possible to )
g »
% say that the combination of the Lyapunov functions E
!
f designed for the separate controller and the observer A
: provides a valid Lyapunov function for the cascaded sys-
| tem? If so, this would be an important result, since )
} (
; much is known about the Lyapunov function for the linear ;
K regulator problem and for the linear (or modifiable non- *
}
; linear) observer problem. Studies by Anderson and Moore :
f [5] and Song and Sp=2ver [119,120) have shown that valid ]
‘ Lvapunov functions exist for the regulator and the ;
: o-server, separately. If the combined Lyapunov £func- J
! tions are valid £for th2 cascaded system, then thes ;
¥, closed-loop system with the observer in the loop 1is 2
} £zzbles when the r=gulztoar ig gi2ble z2nd tne observer is hy
!
stable. PFor linezr, ¢time-invariant systems, eigenvalue »
l: analysis provides tne same results. I£ the cascaded ;
b ¢
:j Lvapunov function 1s vealid, one can make thz same types E
) of claims for linear, time-varying systems, and certain W
2 classes of nonlinear systems. é
: I1f the combination of the two separate Lvapunov ;
- functions is valid for the closed-loop system, is it the ;
{ best possizle choize for this system in terms of identi- {
D)
y fving system stabilitv? If not, 1s +there a better 'Q
[ 4
- 5
\, K
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Lyapunov function for the closed-loop system. These

issues are the basis for this research.

In addition, 1f Lyapunov £functions can be found

for these cascaded systems, can they be put to some ]

practical use in analyzing stability? For instance, can

they be used to determine the effects of parameter vari-

ations on the stability of a system over a wide range of

parameter changes? If not, <can a more sensitive

Il

cascaded system be determined?

the

function for

Lyapunov

which is addressed in this research.

This is one 1issue

In this study, the Lyapunov functions are derived for

the cascaded controller/filtsr system; howaver, the

results are based on noiseless measurements so that the

filters can be considered as observers. In addition,

since the effort concentrates on ths homing missile

oroblem (which is a nonlinear, time-varying, finite-time

to provide a2 4

{n

oroplem;), =nh2 Lvaounov functions are uss

measure of performance of the system.

1.1.2 stability of Closed-loop Systems Under Parameter .

Variations

In the process of 4designing feedback control

systems and estimation algorithms, certain assumptions

9
f - . . .
y are made. One of tne most important assumptions is that

4 . - .
' the parameters 1in <the model of the dvnamics and <tne

o g
)
B N
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measurement device are accurate representations of the
true system. If this 1is not true, the control and esti-
mation algorithm are no longer optimal. In fact, it 1is
possible for the <closed-~loop system to be unstable
depending on how large the errors are in these parame-
ters. Spever ([122] investigated the stability charac-
teristics of 1linear time-invariant systems with the
estimation algorithm in the 1loop given that parameter
variations exist. Given the dynamic models of the con-
trol system and the filter algorithm, he restructured
the algorithms to emphasize the modelling errors. Then,
given the steady state closed-loop system matrix, he
determined the range of parameter variations for which
the real part of the eigenvalues of the system matrix
remain negative; 2and thus, maintzining svstem stability.
Speyer was able to identify a range of acceptable varia-
tions in the system parameters £or which the systam
remained stable. This type of study provides some very
us2ful information for the design 0f control and estima-
tion algorithms; however, as pointed out in the previous
section, the eigenvalue analysis 1is only wuseful for

linear time invariant problems.

Kalman and Bertram considered the idea of using
the Lyapunov function to determine ths effects of param-
eter variations [78]. Their study was based on the idea

that without parameter variations, the Lyapunov function

L3
e B AR N A A A T
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LA

e~
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is positive definite and 1its derivative 1is negative

-l

-
e’

definite. Then, by introducing a parameter variation

-

term in the systems dynamics, it is be possible that the
derivative of the Lyapunov function might not be nega-

5 tive definite for certain ranges of values of varia-

n tions. The same concept was applied by Song and Speyer
{ [119,120] to a nonlinear (modifiable) estimation algo-
3

rithm.

Another aspect of this research is to investi-

gate the wus2fulness of Lyapunov stability theory for

§ linear, time-varying and certain classes of nonlinear
systems given these variations 1in parameters. Again,

this effort focuses on the identification of a wvalid

Lyapunov function. Once a Lyapunov function exists for

\

) the cascaded systam, can it be used to determine stabil-~
‘

; ity <characteristics of the system when the true svstem
) varameters deviatz from tne assumed sSystem parametars?
#

) If the Lyapunov function for the cascaded system is not
[)

[} valid when considering parameter variations, can another
L Lyapunov function be derived which will better measure
)

s the stability or performance of the system when parame-~
. ter variations exist?

1

! There are four main objectives of this disserta-
: tion, wnich relate to Lvapunov <theory. The first obiec-
R tive is to determine if the combination of <the separate
[}

)

Yoy , *u < oy ; o 1% X TR IO T
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controller and observer Lyapunov functions represent a

controller/observer cas-

valid Lyapunov function for the

! caded systen. The second objective 1is to derive a .

Lyapunov function for the linear time-varying, cascaded ]

system for both the continuous-time and discrete-time y

problems. The third objective 1is to apply Lyapunov

given varia-

theory to the problem of system stability,

&
3,
} tions in the parameters of the system dynamics and meas-

o -2

urement device. The first step is to use the Lyapunov

the cascaded system. A Lyapunov

function derived for

function is then derived where these parameter modelling

errors are emphasized in the models. The fourth objec-

tive 1is to apply these Lyapunov functions to specific

-

examples. Two of the examples involve parameter varia-

v

inear, time-invariant problems, where

[

tion analvsis for

- q‘-‘

This 1is to

eigenvalue analysis results are available.

datermine the validity of these Lyapunov Zunctions. A

i

Pevw o > o

third example is =z linesar, time-varying guidance prob-

. lem. As previouslv stated, the time-varying problem

considered is a finite time problem. The Lyapunov func-

tions is used to provide a measure of performance of the

system. Although the dynamics, controller, and observer :
]

are linear, the fact that the coefficient matrix in the ¥

i

pseudo-linear measurement is a function of the nonlinear

(41

measurements of he states makes the whole 1loop non- ,

linear.
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y 1.1.3 Homing Missile Problem with Angle Only Measure- ;
ot

" .
4 ments E
, s
e e

Y Application of optimal control theory and \
) ,
3 optimal estimation theory to the homing missile guidance
.l
(8 : .

A problem have drawn much attention in recent years [131].

‘" The most commonly used control theory is linear gqua- )
i'l .
1.4
dratic Gaussian (LQG) theory because it is based on a
)
& linear system model and provides a closed form solution. '
e .
: One of the fundamental problems that has limited )
N . . e )
% the practicality of the LQG control law is the diffi-
'l,
culty 1in obtaining the accurate state information
; required. The LQG guidance law is a function of .
b ¥
; . . . . . {
" missile-to-target position, velocity, and target ﬁ
\ ,
' acceleration, Most present day wmissiles can obtain a
J
3, . d
X measure of the missile's acceleration through on-board )
W
' accelerometars, In addition, passive seekars are used
)
2 to provide a measure of line-of-sight angle and rate.

! : . ‘ , . . X
J It 1s obvious that the information reguired by the con~ d
” trol law is not directly available and, therefore, must Y
g

be estimated.
d
The estimation algorithm used for this effort is )
| a psuedomeasurement observer (PMO). This involves tak-
é ing the nonlinezr angle measurement model and transform=- )
Y
Q ing it to a new measurement model which is linear in the .

)

O Al
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states of the system ([163]. This algorithm is presented Y

in detail in Section V.

s

One of the most Jdifficult and critical problems

p in the observer design 1is how to model the target A
E acceleration. The target acceleration cannot be meas- ;
. ured directly, and directly effects the rest of the “
? states. Therefore, variations in the target accelera- ﬂ
D 9
: tion model parameters will be investigated. J

-
' 1.2 Missile Observer Performance Improvements Throuagh :

Optimzl Feedback Control

Most guidance and estimation schemes are derived ¢

se2parately and are combined through the separation prin-

/ (]
X &
ciple. Tne guidance law which has received considerable ,
X )
: attention is the one derived from linear guadratic Gaus- :
; 3
' sizn (LQG) theory. It is a wus2ful <thsory Decauss it 3
' L}
provides a linear, closed-form solution; and at the same
'>
¥ *ime, has demonstrated thz potential for significant 4
~

missile guidance improvements [189]. The guidance law
is designed under the assumption that the missile-to-

target position, velocity, acceleration, and time-to-go )

are available and known accurately. With the exception

of the missile's acceleration, this information 1is not

available on board e homing missile. To provide the LQG

D
¥
i
'
L

guidance law with an estimate of cnese values,

BN,
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estimation algorithms developed from Kalman filter 3

-~ o

theory have been extensively investigated [63, 109].

For missile systems with passive (angle-only)
seekers on board, the estimation algorithms have not 5

been very successful in accurately estimating the state 4

-

informaticon [131); however, the guidance laws have still

<x

K been successful in producing small terminal miss dis- "
¢
i tances. The guidance law could produce even smaller s
terminal miss if the state information were more accu- ;
-, rately known. ;
b '
& The intent of this part of the research is to :
i design a LQG guidance law that not only tries to minim- \
; ize the final miss distance (which it does now), but ]
i also to improve the performance of the estimation z2lgo-
u rithm. Improving the estimators performance 1s done by )
; incorporating a2 <c=2rm in the 9oerformance index which E
! attempts to maximize the observability Grammian mzatrix Y%
B of the estimation algorithm. 3
‘ .f
This approach 1s similiar to the efforts of 7
; Hull, Speyer, Tseng, and Larson [63], in which they ’
: developed a guidance law using the LQG performance index 3
; which included a term that would maximize the informa- i
> tion matrix. The guidance law could not be solved in ;
i closed form, reguiring the usz of a numerical cpitimiza-

ot 'S

tion program. The results, however, did show that the

i
SN

b
M h
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0 guidance law could improve the filter algorithm's per- -
U ¥
i
1 formance while attempting to hit the target.
[}
Ll
3 [
The observability term in the performance index
! ™~
) . s . \
) for this effort 1is based on the Lyapunov functions
W LY
) . . . . .
K derived for the linear, time-varying ©proolem. The .
y ;
results of this effort differ from Hull, Speyer, Tseng,
LY
h and Larson in that a closed form solution is attainable.
1 ¥
t
)
i 4
. v
1.3 Synopsis
3 '
) b,
\ In Section 1I, the two Lyapunov stability X
i .
methods are presentad 1in Jdetail. Next, the Lyapunov
functions for the separate linear time-varying con- 5
o
troller and observer (estimation algorithm) are dis- o
#
) cussed. Tnese2 two separate Lyapunov functions ars then
(J
. combined to determine if they represent a valid Lvagunov !
h K
. .. . . - - X
. function for the cascadsi system. Tnis 135 done for ooth
A ,
the continuous-time case and the discrete-time case. .
l' .
The discrets-time case is addressed since <he majority -3
"
~
) of future guidance and estimation algorithms will exist e
N
on digital computers.
1, -
" In Section II1, a Lyapunov function 1is derived R
~
for tne cascaded system, assuming the control law is a "4
y linear functinn of tne estimatsd states. Tanis is accom- "

plished by setting the Lvapunov function egual to the

v w
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& average value of the performance index. The Lyapunov

function will be validated through the Lyapunov stabil-

P
va

ity conditions stated in Section 1II. Again, this 1is
) done for both the continuous~-time and discrete-time

[ problem.

oy, i, g8

In Section 1V, a Lyapunov function is derived

for the cascaded system, taking into account parameter .

EL LA R

variations. The first step is to identify these parame- .

-

tzr uncertainties, and to incorporate them into the

linear, time-varying system model. The derivation is

I PIR2Y

the same as in Section III, which is done by equating
the Lyapunov function to the optimal return function.

: Tne validation process is also the same as in Section

y In Sectcion V, the LQG guidance law 1is derived to
Tinimize £inal! miss distance z2nd improve the 2stimztion

algorithm performance. The estimation algcrithm used 1is

the pseudomeasurement observer.

In Section VI, several applications of these .
Lyapunov functions are studied by numerical analysis and
simulations. Given two linear, time-invariant examples,

the three Lyapunov functions are used to determine \

»

acceptable ranges of parameter uncertainties in order to

A mzintain sv

n
‘T

ar

3

stapility. Variaztlions in the control

-

4 matrix are considered. The results are compared o an

v, N
w
~
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X

A i W ‘ My Ty T o €
MOSAANIA A A AN

ROODOOUOL X X X "

(R S o SO

S A
K By Y LR AR R G




eigenvalue analysis of the same system with parameter

variaticns to determine the accuracy oI the Lyapunov

functions to predict the boundaries of stability. The

example 1is the scalar cascaded system by Speyer

first

{122) and the second example is a multivariable cascaded

[41].

system of Doyle and Stein

The next step is to demonstrate the effective-

time~varying

ness of the Lyapunov function for a linear,

system, The first example 1s a linear gquadratic Gaus-

sian guidance problem, where the <control law is time

XAk m v

\ varying (a function of time-to-go). The Lyapunov func-

A

tions are wused to analyze system performance given A

errors in time-to-go and errors 1n the modelled system -

w

p dynamic matrix. In the second example,a homing missile )
suidance system 1s formed using & pseudomeasurement L

K

observer, with angle-only measuremants, to estimate the z

| o
‘ states for the conzrol law. Tas Lyapunov functions are -
, <
used to analyze system performance due to errors in tar- t
R - . ¢
get acceleration modelling., N

. . la)

Finally, the usefulness of the LQG guidance law o

derived to minimize miss distance as well as maximize

the observability Grammian matrix of the pseudomeasure-

ment observer 1s demonstrated. The results are compared N
4

= -

to a similar effort by Hull, Spever, Tseng, and Larson

[}
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In Section VII, some of the 1important results 7
]
. . . ]
are summarized and <conclusions are drawn from these ‘:
v,
resules. Finally, suggestion for future research are ﬁ

'’

discussed.

-

1.4 Summary of Results

B o

The analytic derivations of the Lyapunov func-

h tions in this dissertation are based on a cascaded
controller/filter system. The numerical results are

generated based on the assumption that the measurements

were noiseless, and the filter works as a observer.

The Lyapunov function whizh consists of adding

A"A‘..I.-,-," - }-’\1 » l"" '.":4‘:‘;"-3' H ‘ﬁ"\’("&

‘ the controller Lvapunov function Dy Anderson anc Moore

3

ta

{5) to the observer Lvapunov functlion by Song and Spevyer )
‘-«' h

L119,1221 1ic not velid for all controller/obsesrver 3sys- ;

! 1275, Nowsv<io, the  conurollsr performance  indsx is

, ¢
scaled such that the combined Lyapunov functions are )
~ o

! valid without affecting the control gain. Further, this I
R \-l
{ . . - . . s
Lyapunoyv function 1is us2d as a means of improving the N

hd -

stability of the controller/observer system through an k

LS
overall design selection of the controller and observer "

)
design parameters. &

4
Ny

'
Since the combined Lyapunov function Is 1ot o

7

valid for all controller/ooserver systems, a Lyapunov -4

¥

)
&

"

N
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function is derived for this system. The result 1is a
Lyapunov function which consists of the separate con-
troller and observer Lyapunov functions and an addi-
tional term which is a coupling of the system states and
the observer errors. This Lyapunov function 1is wvalid
for all controller/observer systems. However, this

Lyapunov function is very sensitive to system parameter

variations.

A Lyapanov function 1s derived to directly
account for system parameter variations. This Lyapunov
function is very accurate in identifying system stabil-
ity of the linear, time~invariant system under parameter
variations when compared ¢to eigenvalue analysis. This
Lvapunov function is also useful in providing a measure
0f system performance for the 1linear, time-varying,
finite~time ©oroblem and the homing missile guidance

Droolem,

The cont.:o0l law which 1s designed for the mis-
sile guidance problem to minimize terminal miss as well
as improve the performance of an observer 1in the loop
causes the missile to maneuver in such a way as to
increase the observability Grammian matrix of the
opserver and still hit the target. The results are very

close to those by Hull, Speyer, Tseng, and L

1)

rson £33,

b
O
3
4
—~
=
%
jo g
[
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o]
P
n
£
0
D
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v
n

The Lyapunov function from Secti

-
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the basis for the derivation of this guidance law,

an 1improvement 1in performance over the linear gquad

shows

ratic

Gaussian guidance law. The main contribution is that a

closed-loop solution of the control law is obtained.
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SECTION 1I

LYAPUNOV FUNCTION FROM SEPARATE CONTROLLER

AND FILTER LYAPUNOV FUNCTIONS

2.1 Introduction

Lyvapunov functions have been used for the linear
guadratic Gaussian control feedback problems, as well as
linear observer problems in order to determine their
convergence properties, For the controller, it is as-
sumed that all of the system states are available,
without inaccuracies. To satisfy the Lyapunov criteria
for stanility, the Lvapunov function for the controller
is selected as a guadratic function of the true statess

and tne controller Riccati matrix ([3). Tne Lvapunov

bt

function for the filter is selected as a guadratic func-
tion of the state estimation errors and the inverse of
the filter covariance [121]. This Lyapunov function 1is
also valid for the observer problem.

In a more realistic engagement environment, the

true states will not be available for the control law.

An observer will be needed (for the deterministic case)

(6]
th

to provide estimates the system states to the con-

croller. This results in a cascaded €filter and con-

PN,
L]
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troller in the feedback 1loop. This section considers b,
-3 ]
X the combination of the separate controller and filter Y
k) &
Lyapunov functions for the cascaded, closed-loop system. o
First, the basic Lyapunov stability methods will y
' d
be discussed. Next, the Lyapunov functions for the K
)
. . o
separate controller and filter will be presented, along ’
ﬁ with how they satisfy the Lyapunov stability theory. "
\
¥ v
; These two separate Lyapunov functions will be combined \
i )
: to determine if they represent a valid Lyapunov function
3 for the cascaded system. This 1is done for both the h
A continuous-time case and the discrete-time case. o
4
h N,
N
X 2.2 Lyapunov Stability 3
.I
i
) 1
) Lyaounov stability (unlike =eigenvalue analvysic) y
\ provides a tool for analyzing the convergence properties ﬁ
! ,
9f linear <ime~varying systems, nonlinear svstams, and !
stochastic systems [95,139]. This dissertation is lim- 0
4 ited to deterministic systems only. Stability in the ‘:
3
sense of Lyapunov can be stated as follows: N
Consider the following deterministic system dif- vy
i
d ferential equation N
[} :
o
X({t = f(x! = (2. N
: (%) (L) ,t) X(to) XO {(2.1) :.(
; V
. )
o
X
"
L] .
\J
'

g

. e e W L P W . N m - . . o R A X nm - R AR LG R A A R
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3
where x(t) is the solution to equation (2.1) and is an ;
n-dimensional state vector, t 1s time, and f 1is a O
Ay
bounded function over the time interval. Consider a J
nominal solution, xﬁ(t), to eguation (2.1). The nominal f
: -
solution is stable in the sense of Lyapunov {18,54,95] %
gn
if to each <>80 (no matter how small), and given to’ ¥
]
there corresponds a 6(<,to) such that o
N
]
- 0N
dlix(t) - x (t))] < & (2.2) 5
)
implies that \
W
()
\
dix(t) - xn(t)] < < (2.3) ey
for all t > tO where d[+] is a distance measure (Figure 'q
, J.
o
2.1). Tnis 1s known as Lyapunov's £first method, and b
]
¥ reguires an explicit solution to the differentizl egua- N
Y
tion (2.1). 3
) 2

A more useful technigue which doces not reguire

the solution to the differential eguation 1s Lvapunov's

second method. This is accomplished through the selec- )

tion of a generalized scalar potential function, called ;-

a Lyapunov function, V(x(t),t). The sufficient condi- :\

; tions for stability in the sense of Lyapunov over the ;:
¥ State space are as follows [18,95]: 'i
o

i) V(g,t) = @ W
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Figure 2.1, Lyapunov Stability

ii) V(x,t) 1is continuous in both x and t for
all x < Rn, and the first partial derivatives in these

variables exist.

iii) There exist continuous nondecreasing scalar
valued unctions, 4 and B, r nst

1

BilixIH>v(x,0)>d(11x11)>8 for |Ix||#0.

< W(x) ¢ for some continuous,

L o S P

nonpositive W(s), where

=

Vix,t)

LA

_ dV(X,t)
= QULX.E)

VLA A,

whe i denotes tne components Of the vec:tor x. 1f

X

addition, is continuous and negative definite

§
} ¢
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V(x,t)#0 except at x=0, the solution is asymptotically ]

- -

t
O
stable [5,38]. The nominal solution, xn(t) is said to :
J
d

be asymptotically stable in the sense of Lyapunov if
every motion starting sufficiently near x(t) convergjes
4 to x(t) as t->oo0. \
N Lyapunov functions are by no means unique, and .

some functions can provide more meaningful stability

-
>

results than others [95]. For nonlinear systems, the by

o o o

selection of a useful Lyapunov function is often diffi- {
cult,
For the case where £(x(t).,t) is 1linear and X

X time-invariant, equation (2.1) becomes

._x

: Xx(t) = Fx(t) ’ x(to) = X, (2.5)

The stability of this system can be determined by
3 obtaining the eigenvalues of F [38,95]. The system .
odel o¢f eguation {2.3) 1s staple iIn the sensz 0f
Lyapunov if and only if the eigenvalues of F have nonpo-
sitive real parts ané, to any eigenvalue on the ima-
h ginary axis with multiplicity k, “here correspond -

exactly k eigenvectors of F. The system model is asymp-

-

totically stable if the eigenvalues have strictly nega- 3
tive real parts.

Another means of determining stability for the

time-invariant model 1Is to cheose a Juadratic Lyaodunov

I(J

Pl

function of the form

‘.
’
_\,\.v?- = \_\’,‘;\ )

".'._-‘ - ‘ = '-"‘.'._'\ -',_‘".‘)“4 '.':'.f:'.f

b
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i

Vi{x(t)) (t)Kx(t) (2.6)

where K is symmetric and positive definite [38,92,111]). o

The derivative of V(x(t)) becomes

V(x(t)) = xT(t)Rx(t) + xT(t)Kx(t)
= xT(t) (FTK + KF] x(t) i

= - xT()0x(t) (2.7) s

Therefore, B

O+ FIR + KF = O (2.8)

> /7

is called the Lyapunov esguation.

Choose Q to be positive semidefinit=s and solvez

L 5

K

f£inite <then

]

eguation (2.8) for K. If K ig positive 3

this bp=acomes a necessary and sufficient condition for

asymototic stability of the system 1in eguation (2.3)

T

L

[93].

N
L&

For linear, time-varying systems, eguation (2.1)

- %

becomes

Cigenvalue analvsis mav not provide ussful inform

o
(r
-
O
o
b o
-

howsver, Lyapunov's <econd method dozs apply. Again, .
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!
‘ choose the Lyapunov function as the following quadratic
) form
v
! VX(t),t) = xT(L)K(L)x(t) (2.10)
2
0
" where K(t) is still symmetric and positive definite, and
is determined by the following differential Lyapunov
3
i eguation
N
[}
)
1 RK(t) = -K(£)F(t) - F(8)TR(E) - 0(t) , K(tg) = Rg (2.11)
i)
k)
1 where Q(t)>0. For K(t) bounded and positive definite,
¢
“ > N . .
and V(x(t),t)<9 for x #0, the system in eguation (2.9)
is asymptotically stable [96].
If it is desired *to analyze the zero-input sta-
9 bility 9of a2 nonlinear system model <hrough the linear
technigues just described, the nonlinear systsm modsl
would have to be linearized about some operating point
L} (Xn(t)) via a Taylor series expansion, where all non-
)
Y linear terms are ignored [95,113). The linearized ver-
»
: sion of eguation (2.1) is
I
. ° +
6x (t) = bf”‘x") 8% (t) (2.12)
X=x_ (%)
}. whers 8x(t) = x(t) - x (%) (a psrturbation).
‘ The linear stability technigues can be applisd
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to the system model of equation (2.12); however, the v
“

)
. . 4
analysis 1is wvalid only in a small region about the oy
. . , , ¥y
operating point, xn(t). If the linearized system (2.12)

3

is unstable, the nonlinear system (2.1) 1is also unstable W
Y
+
away from the equilibrium point. o3
i

)

2.3 Linear Quadratic Controller &
!‘(
]
ol

A linear quadratic controller 1is designed by )
minimizing a guadratic performance index for linear sys- ¢
sl

t
tems. Through proper selection of the performance index '%
"l

criteria, useful closed-form solutions of a control law ;
can be derived for 1linear systems [26]. The gquadratic o
performance index selected for this effort has a termi- d
.

nal constraint on the systam, as well as a3 weighted )
v - I3 . -’
integral of guadratic terms in the system states and oy
A
comtrol (I8!, )
)

h
' . b
2.3.1 Continuous, Time-vVarving Lvapunov Function ol
o

o

by
:\

_’\.«

Given the following linear quadratic optimiza- )
Ny

- . *
tion problem o
!
\l
2
t

)
‘

.‘
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Lt tanre 4 VR o, J . a3 Adk-s
- T
J = XpGpxp
YeooT T
+J g ({00 (t)x(t) + u (H)R(t)ufr))dt  (2.13)

subject to

Q

X

o

x(t)

F 18

(t)>9,

= A(t)x(t) + B(t)u(t) , x(t = X (2.14)

the wvalue of x at the final time.

R(t)>8, and A(t) and B(t) are Ilinear

time-varying matrices. The optimal control, u(t), is a

linear

where

[
s
(&

function of the states as follows 11}

uf{t) = - L(t)yx(t) , té[to el (2.15)
(s = R7A (58T () p (1) (2.16)




which 1is the control Riccati matrix. Eguation (2.17)

can be rewritten as

(B)R{tIL (L) - Q. () {2.19)

where

B(t) = A(t) - B(t)L(t) (2.20)

The Lyapunov function that 1is typically used for this

control problem 1is

Vix,8) = 27 ()2 (t)yx(t) (2.21)

where P{t) comes from eguation {2.19). If (Al{t),B(t))
. - 1.2 . . )

iz controllzbla and fn ey, 00 cT ig Oozsgervahls

125,84)], then P(%) 1is bounded and positive definit=.

~
~

O
“r
r

Trnis satlsfies the sufficiency conditions for asv

3

jo}d
stability in the sense o0f Lvapunov [121]. Therefore,
equation (2.21) represents a good Lyapunov function for
the control problem.

Equation (2.21) can be derived by defining the

Lvapunov function to be e¢:.valent to the optimal return

function, Jo' where
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V{x,t) = Jo = min {J}
u(t)

2.3.2 Discrete-Time Lyapunov Function

The linear quadratic optimization problem

)
N

(2.22)

can be

solved for the discrete~time problem as follows:

subject

where G

still a

whersa

-‘-.}-.fr.’-.'_-_"‘-"\_,,'h.r'\-f\‘.- ,-::',-".'-’.f-',»:'.“ﬁ'f"f-'f:'f:',-:‘.-_ -':-(--I.'I'\h':'{':‘f:‘-’:'J‘\J‘w-‘*f‘-’\d"\u"n"\r.. » -
» - - ™ & - A b - i () id - . ()

to

linear function of the

Nolog T
= X Oyxn * 3 XgQo xg + ugRpuy
K=0 R
*g+1 = BgXg * Byug
2. 2¢, RK>@, and the optimal
“K

UI\ = - :_,KXK ,K = :J,.-olN
T -1.7T
= P
LK (Rg + BKPK+IBK) BK‘K+lAk
= -[;TD z + 'TR i + 0 =3
K_K"‘lnY( uK FuK x:;\'l ~N‘U\

(2.23)

(2.24)

control is

(2.26)
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By eguating the discrete Lyapunov function

discrete optimal return function

whare Py is symmetric, positive definite by

1/2

\AK,BK) 1s controllable and (AK,QCK

assuming

) 1s observable

125,847, This satisfies the first three conditions

z Lvapunov function., For the discrete-time problen,
fourcth condition iz reolaced by
AR = o _ < )
_A»/K Vel Vg £ 2 (2
wriZhL becomes

jan

With O positive semidefinite ang Ry positive defini

(@]
=

{2.38) is 2 2004 Lyapunov function  for the
discrete~time control problam.
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{ 2.4 Linear Fillter 2
: 1
' ‘
: 2.4.1 Continuous, Time-Varying Lyapunov Function ‘
, Consider the following model of a linear time- ’_‘
.‘ ‘
1 varying filter [48) .
X(t) = A(L)&(L) N
&
9 i
! l'
% RO [y(t) - HOIXR(O)] , Rty = &g (2.33) ’
. . . (]
where the dynamic system is y
d
I )
e' .
Xx(t) = A(t)x(t) + B(tju(t) + F({t)w(t) ,
» ]
y .
- M
z w(t) - N(@,Qo(t)é(t—‘:)) (2.34) i
! vit) = Bltix(t) + ¢(t) 3
: d
Vit) - N(0,R,(t)8(t-T)) (2.35) >
- ::
: -5 T -1,. 3
K(t) = P(t)H (LIR T (t) (2.36) N
; . ;
. P o= A(t)P (L) + P(t)aT(t) 3
) -
- K(5)R (V&Y () + o () P
1 VISIR(D)RT () Ry (t {(2.37) .
1 1
) . A
! P = p ) Y
0 (t: = P, {2.38) d
- 3
[ 2

- " oa, e Ce » g A . - R =
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3 where X(t) 1s the state estimate, y(t] 1s the measure- P
3 3
. ]
a ment, A(t) is the state dynamics matrix, H(t) 1is the ;
D
t - .
‘ . . . .

measurement matrix, K(t) is the Kalman gain, P(t) 1s the
3" 4
g error covariance, and (/(t) and w(t) are Gaussian white X
. noise models where Ro(t) and Qo(t) are the measurement ;
b~ J

and state power spectral densities, respectively [48].

-

The estimation error 1is given by the eguation

X

> el(t) = x(t) - %(t) (2.39)

5: Differentiating this eguation, using eguation (2.33) and N
¢

; (2.34), provides the following linear dynamic equation i

for the estimation error

o

Tty T
-

, e(t) = (A{t) - K(t)H())elt) - K(){(t) + T(nywlit) ,

+ .
M e{(t \V = g (2.40°

k. 2 3 :
H »
y Define the cost functional as

N A
A

o ‘o, g
N J e (L)Q, . (t)e(t)dt (2.41) >
L 2 e .
. subject to equation (2.48), where Q_(t) is the weighting

" = ()
, on the state error and will be defined later. By using 1
! t

U
equation (2.22), the Lyapunov function for the linear, {
é “ime-varving filter problem bacomes

) "-&?""' 'vr-h._ -r.;-rv‘rrwv.rr,\' ..r(_‘_.n.\.mr.-.rra Rty
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+~ = T koY
Vie,t) = e  (£)P(t)e(t) (2.42)
’ where
ks
J .
- —_ ~ ~T -
. P(t) = -P(o)a(t) - A7 {)P(t) - Q_(¢t) (2.43)
K-
K P(ty) = P¢ (2.44)
*
s where
s A(t) = A(t) - K(t)B(t) (2.45%)
1]
N
; If Q (t) is chosen as
: 1 I P -7 -1
g 2.(t) = P (t)Qo(t)P (t) + H (L) R, (t)B(t) (2.46)
) then the following identity can be made
»
l
P(t) = 271t (2.47)
+
X which can be shown by inverting eguation {2.37). Tnere-
fore, the Lvapunov function for the observer becomes
. . Ty =) , \
s Vie,2) = e*(t)P 7~ (t)e(t) (2.48)
which is  what is most commonly used, Assuming
L)
! (4{z) ,B{(%)) 1is observable and (A(t),” (%)) 1is controll-
[}
able 125,841, tnen P(z) 1is bounded and positive definite

el

B

e N T
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and eqguation (2.48) satisfies all four requirements of

>~

Section 2.2 to be a wvalid Lyapunov function for the

.

linear, time-varying filter described in equations

(2.33)~(2.38).

" The filter algorithm (eguations 2.33 to 2.38) A

can be converted to an observer by changing eguation

(2.35) to ]

The Lyapunov function (equation 2.48) remains the same by
-

for the observer problem.

2.4.2 Discrete-Time Lvapunov Function

for the linesar, discrete-time filter are

’ Rxel T 2gXg ¥ BgUg T Ky Yg-Hp1 %!

= Agxy + Bpup + I‘KmK Py - N(@,QOK) (2.51) 1."
i
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1'.

N P, = (I-K H, )P, (I-K,H,) ' + K ,R_ Ko (2.55) y

] K K K’'“K K"K K70, 7K ’

2

: 3

'l

5 _ g T

! P = Ag 1Pg-18k-1 ¥ QOK (2.56) ‘

s t

; where Xy is the true state, Xg is the state estimate, Yk 3

is the measurement, Ay 1s the state dynamics matrix, By

; is the controller matrix, uy is the control law, Ky is X
- U
: the Kalman gain, P, 1is the covariance matrix, and 0
b i
LY
Vk and wy, are Gaussian white noise models where :
N Ro and Qo are measurement and state power spectral
0 K K
9 densities, respectively. By defining the cost func- h
L ‘
tional as
)
; .
) '
¥
N-1 T )
Jd = 3 ez e (2.57)
X=0 K ey K
[
¥
P and using eguation (2.29), the discrete-time Lyapunov *
J .‘
5 function beacomes !
»
3 s
T5-1 3
L] V =
. K eKPK ey (2.58) 1
where .
¥
; 3
! ’
: ¢
y p-1 - pTp-17 {
& PK-l AKPK AK + QQK (2.59) 1
K :
; _ )
; Ay = (I - K Hy)A (2.68) .
, k = | K8k Rk-1 : ‘
:
¥
N
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_ o~17-1 -1 T-To=-1,-1,-1,~T°-1
QeK = PK AK (VK + AK PK AK ) AK PK (2.61)
Y, = (1-K H,)Q. (I-K H,)~
K K"K oK KK
+ KR KT (2.62)
K%0, K ‘
K
where Q. 1is positive definite (Appendix A).
K

The Lyapunov function of eguation {2.58) satis-
fies all four requirements of Section 2.2 and is there-

fore valiad.

As in Section 2.4.1, the discrete-time filter

algorithm (eguations 2.56 to 2.56) can be converted to a

discrete-time observer algorithm by ignoring the noise
term in eguation (2.52), such that the discrate measure-
ment becomas

(2.63)

The Lyapunov function (eguation 2,58) remains the same

for the discrete observer problem.
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o 2.5 Combining Controller & Filter Lyapunov Functions for ]
) Cascaded Systems
3
. 2.5.1 Continuous, Time-Varying Combined Lyapunov Func- )
) tion ;
2 )
;
ﬁ By including the filter 1in the feedback 1loop,
3 i
. and by incorporating the state estimates in the control
" i
3 law in the following way 2
¥ '
) \
|' " '
A u(t) = -L(t)X(t) (2.64) !
; the closed-loop system dynamics become
L) )
+
p ]
1. . v
» X(t) = E(t)x(t) + B(t)L(t)e(t) (2.65)
o )
N v
! e(t) = A(t)e(t) (2.66) 3
5 Proposition 2.1 3
3 V(Xx,e,t) satisfies <the sufficiency <conditions
Y for asymptotic s=anility in the sa2nse of Lyapunov for ™
the continuous, time-varying system described 1in egua- L
) tions (2.64)-(2.66) where ‘
L) .
s
A Vix,e,t) = [xT(t) eT(e))|F () 0 X(8 1 2,67 \
‘ 6 -1 e (%) :
P (1)
) |
¢ - . -
% under tne assumptions that (A(t),B(t)) and (A(t), (t))
U hl
; are controllable, and (A(t),Qi/2(t)) and (A(t),H(t)) are .
- q
‘!
()
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observable. The <control gain, L(t), and the Kalman

Al W LSS

gain, K(t), are chosen as the optimal values (eguations et
2,16 and 2.36}). Equation (2.67) comes from eguations

"‘
(2.21) and (2.48). 2
Proof: o

By assuming (A(t),B(t)) and (A(t),l (t)) are con- A
trollable, and (a(t), Qé/z(t)) and (A(t) ,B(t)) are A

l(t) are positive definite and

- <[

“y

observadle, P(t) and P~

bounded, Thus, equation (2.67) satisfies the first

SEEE Y

three Lyapunov function reguirements from Section 2.2,

To evaluate the fourth condition, equation (2.67) must

PR ok ¢
-

be differentiated.

2
e, e

V(x,e,t) = [XT(t)

D e
)

(ad
'O

t

{n]
—_—
D X
;
| W——
.
>

Lok, L LN

Cxhd NN

{(2.68)

]
|
ct
[1/]
-3
or
j4v]
—~
(a4
[\
| NV—
« X .
rt
| NS |
T

From eguations (2,19}, (2.43), (2.65), 2and ({2.6€), the

1% 55

-
LA

derivative of the Lyapunov function is

Z 2

s

»
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s T

3 . T T -L (t)R(t)L(t)-Qc(t)

! Vix,e,t) = [x7(t) e”(t)] T

b LY (O R(E)L (L)

) i
1

H

n LT () R(E)L () X (t) 1

r (2.69)

‘ -1 -1 T, ) o-l eft) g
k -P " (t)Q P " (t)-H (L)RT (L) B (t) 5
[ .
h or ]
. '
X
hi . . m —_— )

Vix,e,t) = (xT(t) eT(e)1Q(ey (21T (2.70)
e(t) .
L]
5 R ¢
v In order to satisfy the fourth regquirement (i.e, VK@), ;
- - g
19 s
it is sufficient that Q(t) be negative semidefinite, |

o However, it 1s not analytically possible to show that 4
s ¢
. T(t) is negative semidefinite. Through the selection of .

\ R(t), Qc(t), R,{%), and 2,(t), it may be pocsibls o B
X show numerically that 7J(t) 1s negative semidefinite. N

] A way of ensuring +that J(t) 1s negative semide-

% finite is to change G_., Q. and R by the following:
& -~ L}
~

: ]
~ G Q 4
% - F = [

,1' QF = —d— ’ Qc = —q— (2.71) k

at

o !
- A
2 R = R 2.72) ]
” a ( ) :

such that the performance index (eguation 2.13) becomes

) y
4, !
[}

3

:: e - Q y
= T°F “F T ¢ T R , X

:: J = XF?FXF + J 3 [x = X + u g uldt (2.73) ”
3

1‘ |
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o

For this control problem, the control gain remains the

, same for all positive wvalues of d, 1including d = 1. §

This is =0 because the new Riccati matrix 1is a scaled :

f function of the original one (eguation 2.17) (L.e. ;;
& .

;‘ Pnewzdp)' The control gain is a multiple of ipnew which E

equals RP. d can be selected so that Q(t) is negative ;

\ semidefinite, The controllability and observability $
\

conditions 1insure that Q(x,e,t)#ﬂ except at x=0 [96]; .:

' thus, the system described in egquations (2.64)-~{2.66) 1is ;

: asymptotically stable in the sense of Lyapunov, and the {

X3

function

F_E ¥ -
et

)
! - T 1, /X X
) v [x° e~} [,, (2.74) )
0 ~ a1 > H
[} p + »
L 3
! . . . . 3
) which consists of combining the separate controllsr and Yy
N
. , . N\
h £ilter Lvapunov functions, <could be =z 3002 Lyaounow t
D »
function by properly selacting d, without changing the N
| | .
i controller or filter gains. 3
J :F
3
2,5.2 Discrete-Time Combined Lvapunov Function B!
]
=,
) ) <
For the controller/filter cascaded svstem, ths closed~ e
L)
¥
| loop system difference eguations are 3
]
W]
—— .
X = 3.1 (2.75 !
K+1 hgXg * Bplpeg (2.73) )
{
L ¥
'
N
]

L\
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¥
D) =
eK+l AKeK (2.76)
o )
'
h s ]
= Proposition 2.2 ]
\
k VK(xK,eK,tK) satisfies the sufficiency condi- ]
i. tions for asymptotic stability in the sense of Lyapunov A
)
N for the discrete, time-varying system described in egua-
: 3
g tions (2.75)-(2.76) where
e 1
1.8 (]
. P X
~ _ T T K 2 K
N VK(XK'eK’tK) = [XK eK] ) e (2.77)
. g P “l K
20 K ’ ]
| under the assumptions that (Ag,By) and (AK,FK) are con-
- 1/2 »,
“ trollable, and (Ag.,Q."") and (Ag,Hy) are observable. ]
1 The czontrol gain, LK, and the Kzlman gain, KK' are
Y chosen as the optimal values (eguations 2.26 and 2.54).
. j
R
I 2roof )
Zguation (2.77) nes from eguations (2.3C) and
{2.58). From the assumptions in Proposition 2.2, P, and 3
. Pgl are positive Jdefinite for all XK = 8,1,...,N, and 1
& ) : , !,
" bounded, Thus, the first three Lvapunov function !
o
'
N reguirements are satisfied oy equation (2.77). Dif-~ "
I
farencing VK and VK+1’ '
i
", AV, =V - v (2.78) h,
o 9 K+1 K . ;
o "
¥ o
d v
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4
T
T T PRTRER Q"K L;[(‘RKLK Xk
= [x) e’} (2.79)
KK LyR,L 2 €
K"K™K K
or
X
_ .7 _T,= |7K
where Q_, is defined in equation (2.61). For AV.<®, it

K

is sufficient that 5K be negative semidefinite. How-

ever, as in the continuous-time case, it is not possible

to show analytically that 6K is negative samidefinite.

Through the selection of R 9. + R

R o 1 and Qo it 1is

“K K K

possible to show numerically that 5K is negative semide-

1)

finits, Therefore, eguation (2.77) may not bs the Dbsst
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SECTION III

--

) 1
D {J
¢
0
» .|
' LYAPUNOV FUNCTION DERIVATION FOR CASCADED
N \
; CONTROLLER/FILTER ZLOSED-LOOP SYSTEM :
» Y
]
(
\' [ 3
. S
4 3.1 Introduction 3
f N
[ 3
' . - . « 3
A In the previous section, it is shown that the R,
)
Lyvapunov function which consisted of <the sum of the
3 separate controller and filter Lyapunov £functions may ~
: . : . \ "
. not be wvalid for the <cascaded 1linear, time-varying, R
closed-loop system. This is due to the £fact that the
- . - . . 3 i
. separate Lyapunov functions are derived assuming the y
»
. _ _ _ N
\ control law 1s a linear function of the true states; 3
' N
vyet, the actual control law 1s a £function of the es-
) timatzed statas from the filter. y
o
.-J
' X . . . - . -
y The purpose o©f <this section is to derive a
. Lvapunov Zfunction for the cascaded svstem, assuming the -
> . . . . o
, control law 1s a linear function of estimated states. )
> LY ]
This 1s accomplished by setting the Lyapunov function 3
egual to a conditional form of the optimal return func- -
»
tion associated with the linear-guadratic Gaussian prob- :,
b
. A oL . . A
: lem. It 1s shown that thls Lvapunov function contains .
the s=2parate controller Lvapuncv func+tion, <the £ilter N
Lvapunov function, and an additional guadratic term ,
s
N,
\J

a3

P R AT I

o 7,0y,
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]
which reflects the error in the control law due to the N
inaccuracy of the state estimate from the filter,. The N
LYy
Lyapunov function 1is derived for both the continuous- o)
time and discrete-time problem. v
Pd
"
;q’
3.2 Continuous, Linear, Time-Varying Systems Y
)
)
3.2.1 Lyapunov Function Derivation &
e,
o
é
A Lyapunov function is derived for the continu- nd
b
ous, linear, time-varying closed-loop system by equating N
"o
. L . . )
it to a conditional form of the optimal return function.
[
Here, the unconditional cost function is “
» J
Ky
‘o
Gy
Ky
st
f o '
J = min E{J: (3.1) x
o . =
u,K &
it
"
L . o
wnare Ef+: 1s tne expectztlion operatdor, u 135 tae optimal }

control, and K 1in the Kalman gain. The performance

index 1s& chossn as

x X 5T 2
oA ;

}
”o )
t

_ T e £ T )

J = fofxf + 0 (% (t)Qc(t)x(t) ;:
Py

J

+ et (t)Q_(t)e(t) + v (LIR(THulr))ds (3.2) j'.Z
)

sunject to N
Sl‘

s

-"‘

%

1

w2
v e
4

N
3

»

e .
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LR 25 S S SN

P x(t) = [A(D)-B(L)L(t)]x(t)+B(t)L(t)e(t)+I (t)w(t) (3.3)

! e(t) = [A{t)-K(t)H(v))e(t)-K(t) /(e)+T (t)w(t) (3.4) A

.
=

where

e e T W X

w(t) - N(8,Q(t)8(t~T)) , (/(t) -~ N(B,R(t)6(t-T)) (3.5)

\ -
t y
) b
B

: u(t) = =L(t)[x(t) - e(t)] (3.6) By
) by
| Gf, Qc(t), Q. (t), and Q(t) are symmetric positive sem- :
L = . L *

p idefinite, and R(t) and R(t) are symmetric positive s
]

! definite,. N\
! :
It must be noted that the Lyapunov functions are e

. g

' derived using the noise properties of the system states y
! \
and measurements as design parameters, rather chan n

actual ©vpower spectral densities. For this reason, <%he )

A

. .- R - 5 N

Lyapunov £functions are wvalid oniy £or tne closged-lcorp -;

Y "

system with an observer in the loop. -

o

]

‘ : . oL _ A
i First, rewrite the performance index in terms of N
D) :~
x(t) and e(t) only and take the expectation. -

.

‘o

-

"l

I.

BN

!

O

N
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G 9] X
IR S A £
tr o . LT(t)R(t)L(t)+Qc(t)
+ Jolx (t) e (r))
0 T
LY (HyR(E)L (t)
LYo R(E) L (E) x(t)
T at} (3.7)
LY (0RO L () +Q (1) | [e(t)

Carrying through the expectation, esguation (3.7) becomes

f
t. LT ()R L(D) +0_ (1) T
AL -L (£)R(E)L (%)
? LT Ry LY L RIDLIE14R, (1) |
« | X8 508 gy (3.8)
sT ey ooy

where tr{e] denotes the trace and

X(t) = BElx(t)X

P(t) = Ele(t)e” (t)] (3.9)

Tne next 3te 1S to augment the dyvnamic con-

straint eguations (3.3 and 3.4 to the performance

. o e n e e e e e e o
e N A AN I IO I AT AT NIAT TR S AT AR
ORI | _ .

. e e
L "
"
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index. To do this, these equations have to be o

translated to dynamic constraints in X(t), S(t), and !

P(t). These constraints are Jderived in Appendix B and Ity

can be written as %
x(t)  s(o | '[Km B(g)L(t)] X(t)  S(t) ;
T P(t) 0 at) JisTo peo) i

,[xe s AT (t) 0 v
T T T g
sTce)y peoy JItT(osT (o)

o
+ [f(t) _ (e (3.19) .
Q(t) K(L)R(L)K

where Y

L(t) = a(t) - K(t)H(t) (3.12)

Using the following definitions 4y

X(t) = [Xm(t) S(t)] (3.13) ho

— NN
[A(t) B(t)L(t)] (3.14) 5
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>

T
T

LT (R L(Y) LT (RO LI +2, (6)

Q(t) (3.15)

oty = |29 _oe (3.16)
S(t) K(OR(KT (£)+T(¢)

the augmented performance index becomes

T

+ tr /\(t)[&(t)i(t) + imi (t) + Q(t) - X(t)}ldt (3.17)

where A(t) 1s the Lagrange multiplier defined by the

following

(3.18)

The cost function can be manipulat=2d into the form [26)]

- t
1 - f - >
J' = trX(te)/\(tg) + th tr (A(L)Q(t))avr (3.19)
LT T x(t) g
= E{[x" (%) e (t”/\(t)[e(")]} + ‘rt er (A(t)Q(t))dr (3.20)
- 0

Th

[4)]

first term in eguation (3.20) represents the deter-

ministic pert of the problem and is an expected value of

e e W e e W N
et .a.. .

¥
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a guadratic term in the states x and e. This term will

be called the Lyapunov function and is of the form

A (8) Agle)
Mg (E) Ap(t)

Vix,e,t) = [xT(t) eT(t)]

The Hamiltonian of the system is

H(t) = tro(t)X (t)

~
~

Ftr AMD) [A(B)XK () + X(0)AT(t) + 0(t)]

From the Euler-Lagrange equations,

Aty =
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M (8] At P (e) Aglt) [K(t) B(t)L(t)]

A(t)

. .7
/\g(t) /\P(t) /\S(t) /\,(t)

T T - T
LT(t)BT(t) o7 oy (A (8) Apit)

T
R Lo+ (1) ~LTR(E)L (£) 28y
LT R(E)L(Y) LT () R(E)L(£)+Q_ (¢)

o '

$ ),

X (te) (te) Gy 0 A

; /\’; A [gf g] (3.26) !
Ns(te) Spite)

From equation (3.25)

- AoBon(n) + LTIORDLY | Agltg=e (3.28)

/X(t) is eguivalent to the controller Riccati matrix

wnich implies that the

.4 - ] L Il W R LI ot IOy S PR
AT N A NN o N I T A O W ST NN



"Bt 02 et Sa® e 2" b Eat lataty?

',... R R T L o LA N IR A S O Ao o, T T R RN T RN U

R
)
N &

L{(t) = R~

(t)/\x(t) (3.29)

Y w r_»

P LT
PR X

For Agltg) =0, Ag(t) = @8 for 8 <t < tg. Therefore,

the Lyapunov function reduces to

0 M (1)

(t) 0
V(x,e,t) = [xT(t) eT(t)][/\X ][Qm] (3.30) J

where /\, (t) is defined by egquation (3.27) and

/\P(t) = ~/p (L)A (L) - liT(t)/\P(t)

- LT R(OL(E) - 9 (t)

By defining

{3.33)

equa-

e T e A LA L L SRS,
R e 3 o L) » » Lo C -
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- LT R(OL(E) , Py(tg) = - Pg (3.35)

The Lyapunov function becomes

Vix,e,t) = xT(OA (£)x(t)

(tye(t) + e (t)Pe(t)e(t) (3.36)

where the first quadratic term 1is the controller
Lyapunov  function, the second term is the filter
Lyapunov function, and the third term is an additional
term that reflects the error in the control law due to
tha inaccuracy of ¢the state estimate from the £ilter.
Az the error increases, +<his term has a stronger influ-
nce on ths Lyaocunov fanction, Note thats Pe(:) (egua-
tion 3.35) is affected by both the Kalman gain, K(t), in
4{t), and the control law gain, L(«). Ths nex:t step is
to determine if eguation (3.30) is a wvalid Lyapunov

function,
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3.2.2 Lyapunov Function Validation ™
;

. . ’
Proposition 3.1 .
I

V(x,e,t) from equation (3.30) satisfies the suf- ?:
¥
(‘
ficiency conditions for asymptotic stability in the NN
belt

sense of Lyapunov for the continuous, time-varying sys- N
(]
tem described in equations (2.64)-(2.66) under the ::E:
assumptions that (A(t),B(t)) and (A(t),(t)) are con- ré
trollable and (A(t),H(t)) ang (A(t),Qi/z(t)) are observ- ?.
able {1217. The <control gain, L(t), and the Kalman ,}
vl

gain, K(t), are chosen as their optimal wvalues (equa- \
'S

tions 3.29 and 2.36). 4
V

]
Proof: gt
\.

Y
By assuming (a(t),B(t)) and (A(t),l(t)) are con- s
troilable and (B(t) ,H(t)) and (A(t),Q}/z(*\m) are ;;
~ "
observable, /X(t;, whizh is the c¢control Riccatl matrix, &:
- , 3
and P * (%), which is *the observability Grammian matrix, 23
-1 ~4

are positive definite for t>t, and bounded. With P (%) w
-

. . s . . . v

positive definite and Pe(t) positive semidefinite [25], N
S
/b(t) is positive definite from equation (3.33). This .::
.

Y
implies -4
W

[ ]
: - "
Vix,e,t)y > € {3.37) ﬂ.

\)

U
for t<[8,ts) 2nd all x(tr) and e(t) not egual to zerc. $§
N

e . . o
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Therefore, the first three Lyapunov function require-
ments of Section 2.2 are satisfied. The derivative of

equation (3.38) 1s

T
. -L (t)R(t)L(t)'Qc(t) LT(t)R(t)L(t) [x(t)]

LT R(DL () LT (ORI L(E) -0 (1) [LE0)

= (x7

(t) eT(t)]Q'(t)[:EE;] (3.38)

Rewriting Q'(t) as

-2.(¢t) 2
+ o -5 (_t)l (3.39)

it is obvious that for R(t)»08, the first guadratic
matrix in eguation (2.29) 1is nezztive semidafinits, 2and
for Qc(t)zz and Q_(t)>C, the second matrix in eguation
{3.39) 1is negative semidefinite. In addition, the c¢on-
trollability and observability <conditions assure that

V(x,e,t)=¢ only wnhen x=¢. Tnerefore, the derivative of

the Lyapunov function becomes

V(x,2,%) < 2 (3.40)

-
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for x#8, which satisfies the fourth reguirement for a

Lyapunov function. The controllability and observabil-

ity conditions insure that V(x,e,t)#8 except at x=9

[96]; thus, the svstem described 1in equations (2.64)-
(2.65) is asymptotically stable in the sense ©of
Lyapunov. Therefore, equation (3.38) represents a good
Lyapunov function for the cascaded, linear, time-
varying, closed-loop system. The same Lyapunov funtion
(equation 3.30) 1s derived wusing the BHamilton-Jacobi

eguation (Appendix Q).

It 1is important to note that for the 1linear
homogeneous system (equation 3.3), the adjoint equation
propogates the solution of the original equation back-
ward in time [25]; thus, acting as 2 predictor of the
svstem, With the Lvapunov function defined as a condi-
tional form of <the optimal return function (=2guation
3.3C), the Lyapunov matrix, defined by =ns sDatkward Ric-
catli differential eguation (2.25), has predictive guali-

ties for the value of the cost.

3.2.3 Extension to Nonlinear Svstems

Rase Y Song and Spever
fi119,1291, i v function can be extended to the
class of non : wnare tl svstaem dynamics are

sguations are

T 1 5 e g~

u e e
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nonlinear functions of the states. The nonlinear meas-
urements can be transformed into a linear function of
the states where the coefficient matrix 1s a nonlinear

function of the observations. The seudomeasurement

el

observer (PMO) and the modified gain extended Kalman
observer (MGEKQ) are based on this concept. The algo-
rithm for the PMO 1is presanted 1in detail 1in Section

6.4.1.

Tne Lyapunov function (=guation 3.36) 1s changed
by replacing Pe(t) with the inverse of the observability
Grammian of the PMO (Section 6.4.1). The observability
Grammian matrix of the PMO is positive definite for 24

[123]. The Lyvapunov functions derived in this disserta-

tion are valid for this class of nonlinear systems,

3.3 Discrete~Time Linear Svstem

3.3.1 Lvapunov Function Derivaction
A Lyapunov function is derived for the

discrete-time, linear closed-loop system by eguating it
to a conditional form of the optimal return function.

Here, the unconditional cost function is

[
N]
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where E{ e} 1is the expectation opsrator, Uy is tne
AY

optimal control, and K, is the Kalman jain. The perfor-

mance 1index 1s chosen as

- T
J X GNxN
N-1 T
+ 2 X0 x, + e 0 e+ u,R_u (3.42)
kog Krc 'K K*e, “K K K"K
subject to
= - T L,e., + [ .
Xge1 = (Bg 7 Brlglxg + Bplgey + puy (3.43)

Cra1 = (Bp = Ky HpiAgleg = Kpo1 ey rKLuK (3.44)
i) / 5 Ee)

W, - N3, Vg ~ N{E,Ryg) (3.45)

SpoT o7 Lglxg o-oeg) (3.46"

res
o~
t
)
o
"33
M

are symmetrlc positive semidefinite,

N Cx K
and RK and iK are svmmerric positive agefinite., Rewriting
the performance index 1in terms of x, and e, and aking

the expectation gives
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;

= b
5
)
G 3 X f:
T Dy N
e«J:r = E [XT; -’::j - 0 [
N N 0 eN :J.
=
) _J
LT L +Q T 7
N-1 K"K"K *¢ -L_R,L X Ry
< T T K K K™K K "
+ 2 (xp oep] T T ) (3.47)
= ¢ - e S
K=0 LyRyLg LKRKLK+QeK K >
3
)
Carrying through the expectation, equation (3.47) ;
e
becomes £
By
4
- ~)
s e 2 1®x Sx N
E{J; = tr g 0 T S
>
SN PN )
)
oy
T - - i
N-1 k“kLk QcK LyRgly Xp Sy b
+ 2 tr - T - (3.48) 2
R= LRI LyR,L 5. P <
! k" kg K7k [Pk Tk 3
& -s':
wners =
<
v
N
X = o XT‘. a = Tix I P, = B¢ :T} (2,40 N
S S5 SRS SRt OF CHEES S S SH )
T
To augment +ne dynamilc constralnt egaztions <o '.::'
.
the performance index, equations (3.43) and (3.44) have '-::‘_
to be translated to difference eguations in !—,
\.':
Xy Sy and Py These difference eguations are derived -
’ ' N
in Appendix B. The result 1is £::
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LTR L. +0 -LiR,L
. “KTRUK Poy KKK
%k TR LTR L, +0 (3-26)
K K"K KKK ey
2 Q Q
0, = K ﬁ, (3.57)
— K, R,K.+0
Oy K KK K
. s
K K
ASK Py

and /Y is the Lagrange multiplier. The cost function

can be manipulated into the form [26]

J' = trXD/\O +

:,>3 + S :?_'/\.Q. (3.594

is chosen to ba a Lyapunov £function

o s | fx
Vo (X, e y o= xf et XL KR (3.60)
K*"K'K’'"K K “K Ag /N ey :
K 'k

Tne discrete Hamiltonian of the system is

. ~ g 3
By = tr CuXp + tr Ay [AgXyhg + Qg (3.61)

x
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the Euler-Lagrange eguations

~

_ AT . ' . =
= AK/\K-H.AK + QK ' ’/\N = Gy (3.62)

LR,

Mg = B

*x

Sty et

¥,

- oy

=

2y

s
"
o
«

PR A AR

2~ 5

ST L

2

"X,

> .

Ior K=N-;,.-—,¢.

A K A

- B T T = .

it 1s obvious that /& is equal to the controller Ric-

ol

(81

catl matrix, which implies +that the discrete cont

gain, Ly, is
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T -1_7T
L, = (R, + B B,) "B/ A (3.66) s
K K !f&ml K KXKH K
[}
1 ¢
4 From eguation (3.62), the difference eguation for /g is "
K X
!
: y
/\S—ngg £+K§/& B,L, - LIR L N =0 (3.67) )
= . = . \
L K K+l F k+1 © K RTKTK N '
K rs . . . _ ;
With L. defined in equation (3.66) and ASN =0 , .3
\ 4
)
; "
4
AS = g ’ K= N,...,1 (3.68)
f K R
? Substituting equation (3.68) into (3.63), the difference ;
b 2
v eguation for A, is M
“K
)
_
A A Y n, o+ LY 8,+R.,)L y
) = A’ ’ TRy A
. ?h KPp,y K KK Xp, . K TR7K A
X
N
22, Ny =B (3.69) ‘
K N o
by
: By defining :
A ]
: Y
l
-_1 ' by,
/ = P + P (3.7@) o
?K K eK
eguation (3.69) can be split into two difference equa- -
p
tions ;
'
w
3-1 _ [T1s-1 ¢ ~-1 _ 5=l o
Pk = A.KE‘K‘*’ln + QeK ’ PN = N (3./1) l*’
2
[} ¢
‘J'
2,
2
- )

o™, >
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e
1)
: - T - T, T -1
§ P = AP A, + Ly (B A B +R )1 P =-P_"(3.72) ;
Q = z 4 u\ y ] o ’ < Nt . ]
d ey RKie ., K K"K XK+1 K "K' “K ey N :
) \
3 |
,‘ The Lyapunov function becomes A
J
¢
! T o1, | *k Xg '
) = . )
;. Vg (xgregrty) = [xg eglly N |le (3.73) .
K
K
K, or ‘f
\‘ B
) N
) ;
T T2-1 T
= + 2P .7 ]
: Vk XK/\XKXK *ekFk %k T fkTe Ok (3.74) y
» - 1 .{
! where /\( r Pgls and P_ are defined by eguations (3.65), s
K “K
\ (3.71), and (3.72), respectively. The first gquadratic ‘
term 1is the discrete controller Lvapunov function, the s
B ‘h
. sacond tzrm is the discrete observer Lyapunov function,
i {
) and thz2 third term 1is an additional ¢=rm <hat, liks in '
§ t
o Tng CZontinuonus-time cz23=, reflectg the error in the con- 4
{ h
(]
' trol law due to the inaccuracy of the stats estimate >
from the filter,. Note that P _ (egquation 3.72) 1is N
L “K ;
J affected by both the Kalman gain, KK’ in AK, and the -'
control law gain, LK' The question arises as to whether
) K
2 equation (3.74) 1is a wvalid Lyapunov function f£for the +3
: -~
b linear, discretz-time, closed-loop system, N
&
'.
» X
»
'
\J
!
R

3
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3.3.2 Lyapunov Function Validation

Proposition 3.2

v from eguation (3.73) satisfiss the

D) K(xKleKItK)

sufficiency conditions for asymptotic stability in the s

the discrete, time-varying system

sense of Lyapunov for

!
. described in equations (2.76)-(2.77) under the assump-

tions that (AK,BK) and (AK,FK) are controllable and

. (AK,HK) and (AK,QE/Z) are observable. The control gain,
K

LK’ and the Kalman gain, KK’ are chosz2n as the optimal

values (eguations 2,26 and 2.54).

Proof:

.€3), =zn3 P

which 1is the observability Grammian matrix (eguation

3.71), are positive definite for K>3 and bounded. Wwicth

. p-i positive definite and P positive semidefinite b,

K eK

3 (25}, A, is positive definite from equation (3.70).
g K

This implies
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Therefore, the €first three Lyapunov function require- Ay
h

ments of 3ection 2.2 are satisfied. Looking at the fol-

lowing difference equation

T
-LKJ

it is obvious that for RK>0, the £irst guadratic matrix

in (3.78) is negative semidefinite, and for

2. >3 and Q_ >0, the sacond matrix in (3.78) is negative Y
KT “KT .

semidefinite, In addition, the <controllability and Py

=

observability conditions assure that QNK=G only when

X_.=0, Therefore,

L3

ALY ARG

for XK#G, whizh satisfies +the four+th r2guirement of =2

WAl

wvapunov function. The controllability anid

.
N,
.

.
A
.

»“r LA w“lr.,’-(\-r_.-" LY '\-‘ > AT AT AT R TN T T &." F
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observability <conditions

except at x,=0; thus, the

K
(2.76)-(2.77)

Lyapunov [121). Therefore,

good Lyapunov function

linear, closed-loop system.

WV3W??%$:?V??}}F??EFJFV??T"kVV'

insure

is asymptotically stable
equation

for

S Y T3 W e v ow

that ﬁNK(XK,eK,tK)#ﬂ

system described by equations

in the sense of

(3.73) represents a

the discrete, cascaded,
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SECTION 1V

LYAPUNOV STABILITY FOR PARAMETER VARIATIONS

4.1 Introduction

The design of both control laws and observers is
dependent, to some degree, on the knowledge of the true
systems dynamics and measurement parameters, In most
cases, they are both designed with the assumption that
the dvnamic and measurement parameters are known
exactly. In most real-world problems, this assumption
is not always valid and could cause some stability prob-
lems 1f +he vparameter wvariations are significant. In
some cases the param=a2%ter uncertainties can be modelled
as random wvariablss or constants, and incorporatad into
the =2stimation algorithm. The parameter uncertainties
become additional stats variables to be estimated by the
filter, but this increases the computational load on the

algorithm {66].

For 1linear, time-invariant systems, eigenvalue
analysis 1is wver useful for identifying acceptable

bounds of parameter variations under which the system

,‘- "
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remains stable [122]). The purpose of this section is to

develop the means of 3analyzing the stability of time-

varying systems through the wuse of Lyapunov's second

method. The first step is to expand the Lyapunov func-

tions derived in Section III, to account for parameter

variations. Then, as in Section II1I, a Lyapunov func-

tion is derived to account for parameter variations in

the dynamic and measurement models.

The first step in this section 1is to identify

these parameter uncertainties and incorporate them into

the 1linear, time-varving, cascaded <closed-loop system

model. Then, as before, the linear-guadratic-Gaussian

op:imization problem 1s solved, subject to these new

ct

constraint =2guations. From this optimization

derived whic con-

(h
D
b
[(}]

ztions in <thz dvnamiz and measurement To

Thnis derivation is done for both the continuous~time and

4,2 Continuous, Linear, Time-Varving Svstems

4.2.1 Extension of Lvapunov Function From Section 3.2.1

The Lvapunov function for the continuous,

linear, time-varying system without parameter uncertain-
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L=

ties is rewritten as J

where '
[

Ag(8) = =AL (01K (8) = BT (A (1) :

(4

%

- TR L - o (1) (4.2) '

“

N (tg) = Gg (4.3) b,

o

Ap(t) = A (DA (E) = BT (DAL (1) N

~

N

. T '

- TioroLy - 9 (v (4.4) |

o

‘

/glte) = 8 (4.5) ;

and the clcsed-loop system dynamics are J
3

¢

(t) = (A(t)=B(t)L_(t))x(t) + B(t)L_(t)e(t) (4.6 3
. 0
() = (A_(£)-B_(t)L_(t))X(t) \'

c S 3

o~

- Ka(ta[y(t)—Hc(t‘:?((t)-hV!ﬂ‘t\Lﬁ(t\f((t)] (4.7) Y
b

L | P 20 o2

3




y(t) = H(t)x(t) - M(t)Lc(t)i(t) (4.8)

where A, B, H, and M are the unknhown true system parame-
ters and A M K nd e n desi

’ c, Bc' Hc, e, Ke, a Lc ar the esigned
(or nominal) system parameters. Define the modelling

errors (or deviations from the nominal) as

AA = A - Ac (4.9)
LB = B - B, (4.10)
MH = H - H (4.11)
LM o= M- M (4.12)

-
[

[6H
1

ynamics can bz rewrittsn to emphasize the

nedelling =2rrors in the foilowing way

where

Dpglt) = (A(t) = A_(t)) - (B(t) - B_(t))L_(t) (4.14)

(¢
)
(

Dgity = (B(x) - B_{t))L_ () (4.13)
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1t
; The estimation error, defined as '
"
3 elt) = x(t) - %(t) (4.16) U
s has the following dynamics i
: . ;]
e{t) = D(t)x(t) + (A_(L)~K_(t)H (&) + D (ty)e(t) '4.17)
C C C BM
X \
¢
1 where A
et
: D(t) = (A(S)=A_(t)) - K_(t) (E(t)=H_(t)) p
",
o
~ (B(%)-B_(£))L_(t) + K_(t) (M(t)=M_{t))L_(t) (4.18) A
: N
] N
. Doy (t) (B(t)=B_(t))L_(t)=K_(t) (M(t)=N_(t))L_(t) (4.19) .
. -
Therefore, the clossd-loop system 1is
{ N
h r a - an YL fevaD fey .
x(ti) _ ctT o Tct T e AR
e(t) D (%) )
: N
) (Bc(t>LC(t)+DB(t)) [X(t)] (4.20) ;.
. (B (t) =K (t)H_(t)+Dgy(t)) [le(r) o
N Equations (4.2) and (4.4) can be rewritten as ::
r

A

»
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"y (B ? . Ty (e 4 ’][Z<t> B(t)L(t>]
N3 2 pmgL e A (t)

+ AT (t) ) My (00
i SO T Y /e (B)
T
L (t)R(L)L(2)+Q_(t) LT R Lt
_ c t (4.21)

~LT(E)R(E)L (%) LT (O R(MIL(0)+Q (1)

ct

Incorporating +the effects of the modelling errors into

this eguation results in

T, L'T _ L 2 P‘ 1_1
T T
LE(EYR(T)L_(£)+Q_ () SLE(HYR(E)L_(t)
-L;(._)R{t}uc(tl péft)R‘t)uc\':)-rQe(t,

T
- Ve - . ~ N -

N (4.22)

m m
. D+DS4 (%) /- D D>/ )
/o (£) DD/ (%) p (V) Pgu*Da, plt
wnere«
R N S S S S ORI (3.23
“ - - 1]
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5 B'(t) = B_(t)L (t) + Dg(t) (4.24) ;
¥ :
o .
B - t
RU(t) = A_(t) - K_(t)H_(t) + Dgy(t) (4.25) '
9 This has not altered the solution to ﬁx(t) and /@(t),
,)-Y
j which implies that V(x(t),e(t),t) is still positive
b &
definite. However, the sufficient condition for V to be
)
» negative semidefinite 1is that the right side of eqguation ]
i, (4.22) be negative definite for x(t)=8. 1.e.
'. T . T . :
- Lc(t)R(t)L,(t)+Qc(t) -L,(t)R(L)Lc(t)
2 LT o R L (0) LI(6)R(£)L_(1)+Q, (t) :
| ~ ~ 1
o ‘
- t T (t £) Do+D A, (t
) + ™ T < 9 (4.26)
X fp (E1D+Dg/y (1) /o (£)Dpy*Dpy’y (£
1; Thiz inequality constraint becomes the sufficient condi- X
j ©izn for tnes clozei-lcosz svstet to D2 stadls in the 3
> senss of Lyapunov. It is possible that for <certain \
;' randes of  9paramezer uncertainty, the inequality con-
g straint (eguation 4.26) could be violatzd.
., g
- 4.2.2 Lvapunov Function Derivation
-
-( \
. The continucus, linear, time~-varving closed-loop
. zvztem dynamics with parameter uncertzinties are
. L}
. ‘
~ .
>
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)
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X () i (Ac(t)-BC(t)Lc(t)+DAB(t))
e(t) D(t)

(BL (t) L (t)+Dg (t))

(A (£)=K_(t)H_(t)+Dpy, (t))

For the linear, time-invariant system,

how the uncertainty parameters (D

affect the stability of the

*Day, Pane
system.

(4.27)

X(t)
e(t)
it 1s easy to see

and D can

8’

Without these

parameters, the stability of the system is characterized

by the eigenvalues of the controller
designed separately [122]. This can
mine acceptable bounds o0f parameter

which the system remains stable.

provide the same kind of

stability

and the observer,
be used tc deter-

varliations, under

It 1is desirable to

analysis, given

pzrameter variations, £for linear, <ime-varying systems.

This is accomplished throuzh the following derivation of

0

for varizsion

n

Jsing %“ns same optimization technigue set

up  1n  the p2revious section, +the performance 1ndex 1is

chosen as

o v v

SR A

2.

o,

RN

RN e

“~u_»§

-
¢
A
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subject to

P

Rewriting the performance 1index

e(t), carrying through the expectation, eguation

(4.28) becomes
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o (EVR(E)L_(£)+Q_(¢)

T
~Lo(B)R(E)L (t)

»
-
" \
A J
4
Y
p

-

(4.34)

Jsing the differential

guztions

Following
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PR R

can be rewritten as

-
-

t
J' = E[V(x,e,t)] + jgf tr/A\Ddt (4.36)

where V 1s a Lyapunov function of the form !

P

(t) e (t)] T

T T Mg (8] At [x(t)] ]
Agle) Apey L€

R

A
e A 3o am con e T N4
gk X 5

| /.\rsr(t) Ap (t) Ag(t) Aty [LDce) Aty

v

-

\
.r'l'
3
-
w
3
o
W—
~
u?v—]x
PR
oow
Fd &y

RSN

rt
sl
(t
t-1
ct
+
0
ot
}
[
rt
o
ct
t1
(ad

" 2y ‘l:l ‘l'll

(4.38)

Mxleg) Agteg)] [Gf 0]

T (t.)
receg Mo it

s "y Te s 4

With parameter uncertainties in the Lyapunov

-

function, ,Ax(t) is no longer eguivalent to the con-

; troller Riccati matrix which impliss )

OO W T VN TR R R e T T T A o AN o Rl R SR e
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Lo(t) # RTH(E)BL (DA (1) (4.39)

~
~

In addition, As(t) is not egual to zero even with ﬁs(tf)
equal to zero. Therefore, the Lyapunov function (equa-

tion 4.38) cannot be simplified.

4.2.3 Lyapunov Function Validation

Proposition 4.1

Vix,2,t) from equation (4.37) satisfies the four
sufficiency conditions for asymptotic stability 1in the
sense of Lyapunov for the continuous, time-varving sys-
tem described in equations (2.64)-(2.66) when subjected

to system parameter uncertainties of the form described

in eguztions (4.14), (4.15), (4.18), =zand 4,19} under

't

n

1]

assumotions that (a(t),B(L£)) and (A(t),T(g)) are

@]

-

~ h - ~
] 12012

nery

ooservable [121]. Thus, V(x,e,t) 1s positive definite

and bounded, i.=2.,

¢ < Vvix(t),e(t),t) < B{llxltl,/ llell) (4.40)

where
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Vx(t),e(t),t) = [x(t) eT<c>J[@<t,tf)§f@T<t.tf>
to - T X (t)
+ ‘T t @(trt’)Q(t)¢ (t,t)dt [e(t)] [}
G. 0
~ _ |%¢
Cte=le |
T T
. LI(OR(D) L () +Q_(¢) -LI (O R(E)L_ (1)
Q)= © 4 ¥ T - (4.41)
LT R(OL(8) LI(DR(EL, (£)+Q, (1)

and ®(tg,t) represents the state transition matrix for

the system defined 1in equation (4.27) and B 1is a con-

tinuous nondecreasing scalar valued function.

proof:
For R(t}>8, ¢ _(t)>3, and 2_(t)>8, then 2(tv>0 as
shown in eguation (3.39). Tnis assures +that =2guation

(4.41) 1is nonnegative definite for t>t, ([25]. In order
- u

that V(x,e,t) satisfies the sufficiency conditions for

asymptotic stability in the sense of Lyapunov, the ine-

gquality constraint (equation 4.40) must be satisfied.

With equation (4.42), the first three reguirements for

the Lvapunov function are satisfied. Taking the derive-

tive of equation (4.37)
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Vix(t),e(t),t) = xTet) eTqerr| .

[
0
ct

(
-t
“'.ﬁ'

3
%

Lc(t)R(t)Lc(t) X (t) A
T (4.42) :
*‘Lc (t) R(t)Lc(t)‘Qe(t) B

This is similiar to equation (3.38) and 1is negative )
definite for x(t)#8 and given any uncertainty of the jﬁ
form described in equations (4.14), (4.13), (4.18), and "
(4.19). For eguation (4.37) to be a wvalid Lyapunov
function for all x{(t) and e(t), equation (4.40) must be

satisfied.

AN

_&_1
W

4.3 Discrete-Time Linear Systems

T

Lty

4.3.1 Extension of Lyvapunov Function From Section 3.3.1

ounov  function for the Jdiscrete-tinme,

The Lv

{1

DR A oS ek i g

linear system without parameter uncertainties 1is rewrit-

ten here as )
w Y

(4.43) )

where

.,\{-.. _’{"._,,f'\f\.\'.\_._

RN '.r".f"f RO B A AR R AT RS AT AT AR A S V)
»

e TR R N




AN AR A RAR AR RN € qatoiaiogev Bat fa¥ et Uat Ba¥ BaV WAt Ga¥ gat  QatoPat BRT Ua® Sav iat Yav gav. xS atte’ ia® 00" e’ . o Jat

............

T -~ T T,
N = by  Ag * LK(BK/\)(K+18K+RK)LK

The discrete-time, linear <closed-1loop

dynamics are

wnere AK, BK, HK, and MK

parameters, anéd & B H M K and L

-

CK’ \.K, CK' CK, CK,

designed (or nominal) system parameters. The

K

are the unknown true
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(4.45)

system

(4.46)

(4.47)

(4.48)

(4.50)

system

are the

modelliing errors f{or Jeviations from the nominal) are

defined as
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i DAy = Ay - A (4.51) M
K ;
'
E)
I 4
: -
LBy = By - B (4.52)
K £y
) K
%
AﬁK = HK - HC {(4.53)
K C
Y 0
: ‘AMK = MK - Mc, (4.54) o
K b
N ¢
The system dynamic can be rewritten to emphasize
’ the modelling error in the following way
o
d" \
X, = (A, -B_ L_ 4D yx, + (B, L. +D, J=e (4.25) ;
2 XK+1 °k  °k Ck ABK K cK Sk BK K R,
: 9
3 where
' ™ (7 b ) I =% 3 )r AR 5’\ '
L, = lap=a - A2, T3 ., Ju = < .
F\BK K \.,K [aN \aK C{\ :
D = (B, - B, )L, (4.57) .
. By K ey’ Toy :
j The discrete estimation error, defined as
s = - % »
: ey X Xy (4.58) :
", has the following dynamics %
ot
ny
X e, = D, X, + (&, ~¥_ q A +D 2 (4.59) )
s RoKR °k Ck+l Sgxe1 g BMx K
! ]
, I

.' ~
"
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1
" where
)
1
{
o
)
K Dy = (A=A ) - (By-B_ )L,
. K K Sy K cK Sk
.
.3
5 - K, B, )A, + K_ (M, .-M_ )L A, (4.60)
; Sge1 KFLCgey T K Tegay Krl gy oy K
Q'
. D (B,~-B_. )L K (M M YL a (4.61)
¢ . = = - K. -
: BMK K cK cK Cr+1 K+1 CK+1 Ck+1 K
i

Therefore, the discrete closed-loop system 1is
en]

K+1
b
(A, -B_L_ +D,. ) (B_. L_ +D. )
~ [ °k Ck °kx PBg °k °x  °k Xk (1.62)
Dy (A -K_ " A, *Dgy ) K
¢ L K TR+l TR+l K K 4
o Tguztion (4.84%Y and (4.43) Can De rewritten as
~T 2 -
iy O ﬂxx+1 Ap  BplLy
.TLT L @ s ? -
“k®k AL Pgel By
T

.
A ’y O [LTr L +0 TRoL
. X _ K K R™K \
. T e /e | Tt LT A 1463
; K “LgRglx  BrRgbrTe
e’ R,

Incorporating the effects of the modelling =2errors into
: eguation (4.63), tne result is
|
1)
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¥
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4 ORRE N | A ? E ' B |
5 Bg g {1 ¥k A Bg
4 T N ) D = y
4] ] ) 1
0 Bk Bk /\PK+1 K Ag
- g ) L'f Relo +Q. —Lf Ryl
’ K _ YK K - TK
- - = ]
: ? /\PK —Lz RKI"c LE’ RKLC +Qe ,
| K K K K K
& T _— p
4 D D 2 - ' .
. . ABy By /\XK+1 Ak Bg y
4 T T ] / D N
v DK DBM \)K+l K AK
N K] J
. 1
) T T Y[/ ) D D :
3 ISP | ABp By ]
A + T o~ o 8 /y D 5 (4.64) p
1 ¢ 4
_ Bg AL k+1f] K Bty :
b :
; As in the continuous-time case, this does not ]
1
e alter tha solution to,/\X and A? , which implies that v
K K )
,f 18 s%ill positive Zefinits for anv parama2t2r varizations.
Y .
: dowevar, ths sufficiznt condition for ij to D& negative K
“
n
semidefinite 1is
. B,
~ ‘3
-
4
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o
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Lg RKLH +Q —Lz RKLA
_ - “K K & 7K
1T R L LT R L. +0,
g Koy kK & g g
T T
D D 0 _ ,
. ABy K /\Xx+1 Ay By
T T ) D -
Dy Dpp /\Px+1 Ko Ay
K K
—_— ~ A 7
S | A ¢ Pag.  Ps
M K K+1 K K
IS ) A D, D £ 8 (4.65)
LBk A K+1 R BMy

This inequality <c¢onstraint becomes the suffi-
cient condition for the discrete closed-loop system to
be stable in the sense of Lyapunov. For certain ranges

of parameter uncertainties, it 1is possible <that this

L

onstsaint zcould be violata:

ine

NO

Jelizy

(]

€

The dJdiscrete-zime, linear <closed-loop system

dynamics with parameter uncertainties are
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(A -B_ L_ +D,_ )
*k+1] _ Sk Sk Sk ABk
€x+1 Dy
(Bc Lc +DB ) X
K K °K (4.66)
A, oK. H c.*Pem ) |]® ’
°k  “k+1 “k+1 °k K

A means of analyzing the stability of 1linear,

discrete-time systems subject to parameter variations in

developed in this section. This is accomplished through

the following derivation of a Lyapunov function which

accounts for variations in parameters. The discrete LQG

performance index is chosen as
- LT
Jo= X Gxy
N-1 -
+ 2 X.Q. X, + 232 =2, + uiR.u (4.67)
won TETC UK “K¥e K KTK™K :
Xx=7 K K
subject to
= & 1
Xg+1 Ag Xg * BK ey * erK (4.68)
- 1
er+l DgXg *+ Ag'eg KK+le+l + FKuk (4.69)
where
W - N(8,Qp) Vg - N(o,§K> (4.70)
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(4.74)

Rewriting the discrete performance index in terms of Xy

angd ey

and carrying through the expectation gives

T S, = E[x,ex] P. = Ele.e
k' Sk k) + Pg K

T

K] (4.76)

X, = E[xKx

Using the same technique in Appendix B, the difference

and P, are

equations for XK,SK’ K

i
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X S A" B,']IX S AT D
k+1 Sk+1| _ |Px K Kk S|Pk K
T =10, =~ . |l.7 T T
Sk+1l T+l K Ag"I15k  Pxi|Bk By
Q Q
+ | K K T (4.77)
~ K R, K
Q  Cg+41 KFl Cgp

Followiny the same steps 1in Section 3.3.2, the cost

function can be rewritten as

N-1

J' = E‘.[VK] + ) tr/\iQi (4.78)

n

i

where V, is the discrete Lyapunov function of the form

. K X
:K]{T A e (4.79)
A K

where
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- ,T T / "N !
AXK AXK | Dy AXK+1 /XK+1 Ag' By
/TK ﬁ; BK‘T AK'T fg ﬁ¥x+1 Dy AL
'S K K+1
T T
Lo Rgle Q¢ “Lo Rgle
K K
* T T !
-L. R,L L- R,L_ +Q
\.K K CK uK K CK eK
/&\ /%N G, ©
h N
T A 2 0 (4.80)
s P
N N
3s noted in Section 4.2.2, ﬁx is no longer
K
eguivalent to the controller Riccati matrix with parame-

ter uncertainties present which implizs
T A

Lo & (Rp = B/ s )13t Fy B (4.81)

TR TR TR+l TR “K TR+l 7K
In addéition, ﬁs £ ¢ for K = N-1,...,8, even with

K
e = 0. Therefors the Lvapunov £function czannot bde sim-
N
plified.
4.3.3 Lvapunov Function Validation
Proposition 4.2
VK(xK,eK,tK) trom ecguation (4.79) satisfies the
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sufficiency conditions for asymptotic stability in the
sense of Lyapunov for the discrete, time-varyilng system
described in eguations (2.75)-(2.76) when subjectad to
system parameter uncertalnties of the form described 1in
eguations (4.56), (4.57), (4.68), and (4.61) under the
assumptions that (A.,By) and (AK,FK) are controllable

1/2

and (A, ,H and (a,,Q ) are observable. Thus,
K KCK

K

v is positive definite and bounded, i.e.,

"Xy ﬁsx XK
< B llIxp bl ble ) (4.82)
T e - 'K K K
Ae f¥K K
and ANK#B except at xK=ﬂ [96], where Bg is a nondecreas-

ing scalar wvalued function.

Proof:
For RK>2, 2. 22, and Q_ >C, tnen 2>0, wnere
-
LT R,L +Q LT R
-~ ., K7¢C < c., K¢
K K K K K
QK = T T (4.83)
-L. RyL, Lo ReL. +Q,
YK K K K K
For Qg2 and G>@, tnen />0 ZIor K>@. For equation

(4.79) to satisfy the sufficiency conditions £for asymp-

=~ be

{n

totic stability in the s=2nse of Lyapunov, /7, mu
positive definicz2 for K> an

bounded from above, Tne first three reguirements for a

.
-
&
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Lyapunov function are satisfied 1f equation (4.82)

valil. The differen equation of VK is

This 1is similiar to -eguation (3.76), and 1s negative
definite for xK#e and for any uncertainty of the form
described 1in eqguations (4.56), (4.57), (4.60), and
(4.61), since eguation (3.76) 1is independant of the
variations. For eguation (4.79) to be a valid Lyapunov

function for all X, and ey egquation (4.82) must be

I\’

satisfi=g,

Section 4.2.3 and 4.3.3 have provided suffi-
ciency conditions under which eguations (4.37) and
(4.79) are wvalid Lyapunov functions. Considering the
discrete-time case only, equation (4.88) 1is a backward

difference eguation of the form

]
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Ny = G (4.86)

>

where K=N-1,...,0. AK represents a state transition

matrix. In addition, Q, is positive semidefinite from

K
equation (3.78). Stability in the sense of Lyapunov is
only applicable to an infinite time problem. For the
finite-time problem, the Lyapunov function does not pro-
vide a measure of stability; however, by investigating
the time response of the Lyapunov equation, a measure of
system performance can be obtained. In particular, the

Lyapunov eguation becomes unbounded from above when the

system performs poorly.

With GNzﬂ and Qy29, ﬁk will always be at least
positive semidefinite, Variations in the systems param-
eters will not cause Vg to become nonpositive definite,
nor will it cause ANK to become nonnegative semidefin-

ite, However, these variations can cause V £0 Dbecom=e

unbounded from above,.

When the variations in system parameters become
large enough to cause the system to diverge (or perform
poorly), the solution to the Lyapunov eguation goes to
infinity (becomes unbounded from above). This charac-
teristic of the Lyapunov eguation is use2ful in providing
a measure of system performance for the linear, time-

varying, finite-time problem.
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For the 1linear, time-invariant problem, it 1is

possible to analyze the steady-state value of the

Lyapunov function. In steady~-state, eguation (4.85)
becomes
- AT ~ ~
A AogMgg + Qgg (4.87)
where ()gq represents steady-state values. It is now

possible that, for certain regions of parameter varia-

tions, A may not be positive definite.
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SECTION V

MISSILE OBSERVER PERFORMANCE IMPROVEMENTS

THROUGH OPTIMAL FEEDBACK CONTROL

5.1 Introduction

The application o¢f Linear Quadratic

(LQG) optimal <control theory ¢to the tactical

guidance problem has drawn much attention in

years. It has been dJdemonstrated that for short

tactical missiles,

ficant performance improvements over the more

proportional navigation ( Dro-nav )

verform
fact that it 1is

0of missile- velocity, and

tion, and time-to-go.

ed as a function of the position, velocity, and

celeration, A more

Section VI. In the derivation of

assumed that thic informzticn is te and

accura

pa-

1

[N

on board the miss

1]

. Most present day missiles

tain &a measure 0of the missile's acceleration

Y N A e A
PR T S o G e BN T e et o 5

1ance

detailed discussion is presented

the guidance law it

Gaussian
missile
recent
range
the LQG guidance law provides signi-

commonlvy

of

a function
accelere-
Time-to-go 1s usually approximat-

ac-

in

is

available
can Ob-

through
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on-board accelerometers, In 24dition, passive seerkers
are used to provide a measure of line-of-csight angle ang
rate.

Extended Kalman filters have been used to esti-
mate the needed guidance information from the informa-
tion available on board the missile with very good
results in terms of minimizing miss distance at final
time ([109]. However, in many instances, the estimates
from the filters have not been very good, partially be-
cause 1t 1s 1impcossible to accurately model the target
acceleration. Although not the subject of this disser-
tation, much work has been accomplished toward improving
target acceleration modelling.

In addition, certain missile/target engagements
reduce the observability of the filter states; thus, de-
gradina the performance of the filter, and in turua, the
guidancs law, The =2mphasis in this section is to im-
prove the state estimates through the guidance law, As
in the orevious ssctions, an observer will be used in-
stead of a filter algorithm,

The task is to incorporate an additional term in
the LQG performance index, which is developed to minim-
ize final iniss distance while minimizing control effort.
This new %term is included to maximize the observability

of the

al
0]

Grammian matrix of the observer, 1.e.,-“he measu

uncertainty of the state estimates. Tnis new term will

.
AN
Cu K W

.

Ll Yy

» o
. 8

.
yov e
a_ s B

R
o

yatalr

® s

NI

A

PRl
A % -

WAL 4

.
,
Sy

A,



AN AT TN Y

require the guidance law to minimize the error variance
matrix of +the observer. This 1s similar to the efforts
by Hull, Speyer, Tseng, and Larson [63,123], in which
they developed a guidance law using the LQG performance
index wnich included 2 term that wouléd maximize ¢the in-
formation matrix. This guidance law could not be solved
in closed form requiring the use of a numerical optimi-
zation program. The results, however, did show that the
guldance law could improve the filter algorithm's per-
formance while attempting to hit the target.

The 1impetus for this work <comes from the
Lvapunov stability analysis of the pseudomeasurement ob-

server (PMO) in Section II, By taking advantage of the

PMO's algorithm, a closed form solution is obtainable.

5.2 Missile Model

Th

D

e dynamics model used for the develop-

sta

(t

ent 0f botnh the missile's ~uidance law 1is linear and

3

the estimation algorithm 1s nonlinear and they are set

up in rectangular coordinates as follows:

where
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A = 0 4) 1 (5.2)
Y 2 “AD
Y
B = |-1 (5.3)
0

and x consists of the three components of missile-to-
target position, velocity, and target acceleration in
inertial coordinates.

The line-of-sight angles, measured from a Dvas-
sive seeker, are azimuth, (8), and elevation, (8),
angles. The relationship between these angles and the

tes 1s illustrated in Figure 5.1.

observer's s+

v

5|

&z

Figure 5.1, Angular Measurements Related to Observer States

The nonlinear functions relating the
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-7
6 = tan”! ~— (5.4)
x% + y2
8 = (5.5)

where X, Y, and Z are the three components of relative

position in inertial coordinates.

For the PMO, the measurement model 1s rewritten

as [119,128]

y = H(z)X (5.6)
where
sing ~-C0s8 2 280 2000
2i(z) [sindcose sindsin® <cos® 2 0 ¢ 9 D 0] (3.7
5.2 Optimization Provlem
Consider the following performance index
3= 3¢°F (WTru - xTox)ae (5.8)
ZJ 2 i :
subject to
Dxf = g (5~9)
X = AX + Bu , x(3) = X {(5.18)
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where tf is given, R is positive definite, and Q |is
positive semidefinite,. This performance criteria 1is
chosen to reguire the control law to drive the system to
a zero terminal miss while minimizing the <control
effort., In addition, there is the term (xTQx) which 1is
maximized over time. This term 1iIs constructed to maxim-
ize some measure of the observability Grammian matrix of
the observer; thus, minimizing the error variance matrix
of the observer. The differential eguation for the
observability Grammian matrix for the PMO is

P - ap - pal

+ PpHY(zyv iH(2)p - W = 0@ (5.11)

where V 1is the power spectral density of the measure-
ments and W s the powzr spectral density of <the
observer staztzs., Taking the inverse of the observabil-

ity Grammian mz2+«rix, the differentiazl =guation pecomes

B (5.12)

e
+
0
1
+
g
‘g
|
fasf
N
<
43}
+
'g
=
o
]

The results of ¢the Lyapunov stabilitv analysis
of Section II showed that by decreasing V (or increasing
V-l) , the inverse observability Grammian matrix (P-l)
would increass. Therefore, the performance index should

T(z)v-lH(z), where H(z) is

include a term to maximize H
defined 1n eguztion (5.7). The measurement oDower Sspec-

tral density is assumed to be
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vV = d (5.13)

where and  is some positive constant representative of

the accuracy of the infrared passive seeker.

Define the second term in eguation (5.8) as

T 2,T -1

X 0x = tr {RB"(x)V “H(x)} (5.14)

where R is range and H(X) comes from substituting the

followinag identities from Figure (5.1) 1into -eguation
(5.7)
: _ Y -
sind = (5.15)
X2 + Y2
c088 = — 2 (5.16)
2 2

>
+
'

£ing = - = (3.17)
.] 2 ,2
cosg = l—ﬁ—ﬁi—l— (5.18)
Note that
ARy x;-"..r-,x\-\n-\‘-f\f_:'__\.-
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With equation (5.14), the following definition

be made

The solution to this optimization problem is [38)

-sa - aTs + sBR™*

87s + g , S(tg)=0

Considerations

ensure that no corjugats points

N T T 0 e i s 4 gy i P s o AP o A T AL S S



- o

-

¢

. R AT AR YA AT A AR ‘ e Nt e e it , P e e e S e
N o e e e B e e i TP S

183

(S - GQ_lGT) must be finite for t, < t < t,. This also
satisfies the same Riccati equation as S (eguation
5.22), With Q positive semidefinite, it is possible for
S to blow up if integrated over a long period of time.
This may or may not cause (S - GQ-lGT) to blow up [26].
This potential problem puts some restrictions on the

final time boundary condition, S is a backward Ric-

tf.
catli differential equation and it is important that the

critical time, t_ (where the conjugate point occurs),

-

does not fall between the integration period [t

£, tg)-

In the homing missile problem, initial time, tg,
is known bput final time, tf, is not known. A restric-

tion on tf such that no conjugate point occurs 1is

ct

th
i
r
v
(a4
h
'
pos
il
(24
w
.
N
w

cr
%
r
4

+

(5.26)

where tg is time-to-go. The conjugate point 1is avoided

through the selection of the guidance parameter, . A
smaller value of ¢ will lesson the rate of change of §,

such that a larger interval of [tf tg) will not contain

r
a conjugate point. A smaller value of g 1implies the
measurement devize 1s more accurata. It also r=duces

the emphasis for <tne guidance 1law to improve the
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; : SECTION VI

APPLICATIONS

6.1 Introduction

The purpose of this section 1is to demonstrate
K the usefulness of the Lyapunov functions derived in Sec-
tions 1I, IIl, and IV tc measure the stability charac-

! teristic (or performance for time-varyving systems) of

n

various closed-loop systems given state modelling er-
rors. Several simple problems are used to obtain in-
sight as to how useful the Lyapunov functions are. The

q analvsis is Dbroken up 1into the following classzs of

) proslams: Linear, Time-Invariaat Scalar Proolem;

4

i Linear, Time-Invariant Multivariable <Control ©>Proonlem;
Zinear, Tirme-Varying Guidance Proolem; and the Homing

Missile Guidance Problem with Angle-Only Measurements.
In addition, <the performance of the LQG guidance law
! developed to improve the observer's state estimation
process as well as minimize miss distance is analyzed.
The linear, time-invariant, scalar problem
selected comes from a study by Spever [122], in which he

was able to identify acceptable ranges for state model-

it

: ling errors ( egns. 4.9-4.12) where in the closed-lo0p

y system wotld remain stable. He accomplished this by

\ AL W % L A\ ~ . AL 2502 % 0 ~ 1 % (AN R R ” ™ »Na¥h®ut W™
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»
rewriting the system equations to emphasize the model- n
. . | o
ling errors ( Section 4.2.1 }. The acceptable ranges ?
v
were 1identified using eigenvalue analysis under steady- o
state conditions. Since eigenvalue analysis represents e
]
both a necessary and sufficient condition for the sta- A
W
4

bility of a linear, time-invariant system, a comparison

provides the basis for determining how accurate the

Lyapunov functions are at determining stability.

5

s

The linear, time-invariant multivariable control

4
problem comes from the work by Doyle and Stein [41], E;
where the closed-loop system is marginally robust. By Q:
changing the power spectral density of the state egua- s
tions for the estimation algorithm, they were able to iﬁ
improve the robustness <characteristics of the closed-  §‘
U
loop system. This would allow +he system to remain ;\
stable for larger ranges of the state egquation modelling &?
errors. As in the scalar prodblem, an eigenvalue §
R
analysis 1is performed for the various powesr spectral :Q
densities that Doyle and Stein selected to provide a ﬁ:f
basis for the Lyapunov function analysis under steady- ::
%
state conditions. This analysis 1is performed for a o
range of state eguation modelling errors. In addition, :i
L3
simulation results are obtained to demonstrate the ;::
time-varying traits of the closed-loop system. ?ﬂ
The 1impetus £or <the 1linear, <ime-varying agqui-
dance work comes from the homing missile guidance prob-
~d
U

(1
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i lem, which can use the LQG guidance algorithm. The LQG
guidance law 1is a function of missile-to-target posi-
tion, velocity, and target acceleration, as well as
time-to-go. Even for missile systems with the most ad-
vanced measuring devices, this information is not readi-
ly available, and must be estimated. To do this effec-
tively, the estimation scheme must have an accurate
model of the missile/target dynamics. The most Jiffi-
cult information to model 1is time-to-intercept ( or
time-to-go ) and the target’s acceleration. The purpose
of this effort is to determine if Lyapunov functions can
be used to determine acceptable ranges of time-to-go and
target acceleration modelling errors under which the
closed-lo0p homing missile guidance system performs
well, Since this 1is 2 *time-varying problem, it is not
possible to look at steady-state conditions; and there-

fore, ei g for

£2

1 a b

env

[§Y]

J2 3nalysis cannot De used a

mn
10
U]

validity. The estimation algorithm used £for this study
is a linear Kalman observer.

The next example is the homing missile guidance
problem with a passive ( angle only measuring ) seeker.
These types of seekers are common for tactical air-to-
air and air-to-surface missiles. The LQG guidance algo-
rithm presents a difficult problem for the estimation
algorithm, which is needed to estimate missile-to-targe:

position, velocity, and acceleration. For missile sys-

. . o A I P A O W e W L o A AT R I L e A A T R e T TR AT X AT e T A
l.n'o.n‘ 0y ) 8. .l.!.q._.. W 0® W .Jt“a q-l -‘..--h O t. N\"".‘ \ \'\\\\ .I..IJ



tems with passive ( angle only ) seekers on board, the
estimation algorithm has not been very successful in ac-
curately estimating the state information (1275 ;
although, the guidance law has still been successful.
The guidance law could be much more successful if the
state 1ntormation were more accurately known. The pur-
pose of the homing missile guidance effort is to deter-
mine if Lyapunov functions can be used to identify ac-
ceptable ranges of target acceleration modelling errors

under which the system performs well.

The difference between this analysis and the
linear time-varying guidance problem .:s that the angle
only measurements are nonlinear functions of the system
states, and therefore, the estimation algorithm is non-

The estimation algorithm selected for this part

the study i seudomeasuremsan observer (PMO).

Tnis algorithm & becauss 1t exnidics globsal

convergent characteristics [119,126) unlike the more
tyoically usad extended Kalman observer (ZKO).

The last applications problem is to evaluate the
performance of the LQG guidance algorithm developed to
improve the estimation algorithm's ability to estimate
the state information, as well as minimize ths final
miss distance ( hit the target ). The guidance law 1S
designed under the assumption that the missile-~to-target

position, velocity, and acceleration zare available nd

Th - " - < - B Y T S S T S S AP R U R e WY - y
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known perfectly. With the exception of the missile's
acceleration, this information is not available on-board
a homing missile with angle-only measurements. The gqui-
dance law developed 1in Section V is demonstrated in a
missile/target two-degree-of-freedom simulation using
the PMO estimation algorithm. The engagement selected
for evaluation is the same as that done by Hull, Speyer,
Tseng, and Larson [63] so that a comparison can be made.
The performance of this system 1is compared to that of
the standard 1linear guadratic Gaussian (LQG) guidance
law by using the Lyapunov function from Section III.

The parameter uncertaintv analvsis 1s conducted
in Section 6.2. The analysis is conducted for the
linear, time-invariant scalar problem ( Section 6.2.1 ),
the linear, time-invariant multivariable control problem

( Section 6.2.2 ), the linear, time-varying guidance

}—

roblem ( 3ection 46.2 !, +the noming missile vidancse

e}

Jo]

problem with angle only measurements ( 3ection 6.4 ),
and the homing missile observer performance improvaments

through the LQG guidance algorithm ( Section 6.4.3 ).
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6.2 Parameter Uncertainty Analysis

6.2.1 Linear, Time~Invariant Scalar Problem

1182

The linear, time-invariant problem is as follows

[122]

X = ax + bu + (/

y = hx + mu + w

4]
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pc(t) Zacpc(t) +r lc(t) a. (6.10) ::
53

. 5 :-C

= - -

Py (t) = 2a:po(t) rokc(t) +t q, (6.11) Y
x
where a, b, h, and m are the unknown true system parame- ::E
4

ters, and a_,b_ ,h_, m_, kK_, 1. are the designed ( or N
o c c c < < £

nominal ) system parameters. P, is the control Riccati [

e

term and Pq is the observer covariance term.

Foliowing the same procedure as 1in Section

]
-

4.2.1, the closed-loop system dynamics can be rewritten

to emphasize the modelling errors in the following way.
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6.2.1.2 Steady-State Eigenvalue and Lyapunov Function
Analysis

The purpose of this effort 1is to determine
acceptable ranges of modelling errors in a, o, h, and m

(i.e. NNa, Nb, Ah, and Am which are defined in equations

(4.9) to (4.12)) for which the system (equation 6.12)
remains stable. One way 1is to look at the eigenvalues
of the system matrix, a, for various modelling errors
where

= . (ac—bclc+dab) (b 1 +db) 6.15)

d (ac'kchc+dbm\

Note that if there were no modelling errors, the stabil-
ity 0f£ the <closed 1loop system { eguation 6.12 ) is
determined by the eigenvalues of the closed loop system
TITrix (a:—bclch and the Observer system Tatrlx
(sc-xnn”), separatelv [1221. The mnodelling errors were

(O

varied independentlv, until the real parts of the eigen-
values of a 1in eguation (6.13) became positive. Tnis
would identify a bound (or range of wvalues) for which
the system would remain stable.

This same approach 1is applied to the Lyapunov
functions derived in Sections III and IV. The Lyapunov
function in Section I11, which is the Lyapunov function

for <tne continuous, linear, time-varving systam without
parameter uncertainties is presentad in eguations
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(4.1)-(4.5). When parameter uncertainties are intro-
duced in the system model, the Lyapunov function remains
positive definite. However, the sufficient condition
for & to be negative semidefinite 1is provided 1in the
1ineguality constraint of eguation (4.22). Considering

the steady-state scalar problem, the equation becomes

2dabpc
dpo+dbp~ 2dbm o

dpo+d Pe

+ <

rcl +q,
For the system to remain stable 1in the sense of
Lyapunov, the eigenvalues of the left side of equation
(f.16) must be negative.

For the Lyapunov function derived witl parameter
uncertainties (egn. (4.38)), +he conditions for stabil-
ity are different then eguation
Lyapunov function, & is negative semidefi
uncertzinty. However, the sufficient condition fo
be positive definite is provided in the inequality con-
straint of eguation (4.40). Considering the steadv=~

state scalar problem, the eguation becomes
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ﬁx ﬁs (ac—bclc+dab) (bclc+db)
T d (a -k _h +3, )
s e c
g T
(ag=b 1l +d,p) aT s
+
T T T
| (b1 +4d,) (a_-~k_h +dbm) ﬁs /&
r1l+q,  -r_ 12
+ 2“ 5 = 0 (6.19)
-rolg r.lo*q,

which is an algebraic Lyapunov egquation. For the system
to remain stable in the sense of Lyapunov, the eigen-
values of the 1left side of =2equation (6.18) must be
positive.

For the eigenvalue analysis and the two Lyapunov

functions, the system parameters were chosen as {122]

g =1 , r.=1 , g =1 (6.20)

For all three cases, the system modelling errors
(Lha, &b, A, and Am) were varied independently until the
stability conditions were violated. The results are
shown 1in Table 6.1. By comparing the results of the
Lyapunov eguations to the eigenvalue analysis (which 1is
known to be wvalid:, & measure of the effectiveness of

each Lyapunov function to identify regions of stability
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TAELE €.1 Acceptable Ranages of Parameter Uncertainties

for Scalar Proriern

can be obtained. Note that the Lyapunov £function
derived without parameter uncertainties has bpoth upper
and lowar bounds on the acceptable ranges of parameter
ancertainties. This 1s ovecause of +tne guadrztlc nature
of the 1inequality constraint (eguation 6.16). The
sounds tended to de a little tighter then that of the

system eigenvalue analysis,

function derived with

equivalent to those of the

These bounds are very similiar
(1227].

The Lyapunov

consisted of combining the
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The bounds on the Lyapunov

uncertainties are

system eigenvalue analysis.

to those found by Spever
from Section I1, wnich
separats controller and
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observer Lyapunov functions, 1is also evaluated under
parameter variations, and was found to be an invalid
Lyapunov function given the system parameters 1in equa-
tion (6.20), even without any parameter variations. In
Section II, it was pointed out that this particular
functicn ( equation (2.67) ) can not be analytically
shown to be a valid Lyapunov function for the closed-
loop system with an observer in the loop. The numerical
results have reinforced these analytic statements and
have demonstrated that equation (2.67) 1s not a valid

Lyapunov function for all choices of system parameters,

6.2.2 Linear, Time-Invariant Multivariable Control Prob-

lem

The linear, time-invariant, multivariable con-

th
jo1]
(o))

trol problem was selected rom 2an examdls by Doyls an

Stein [41] and is as follows

X X, ] _
1 ? 1 2
. = [_3 _14] X + [l]u + [—3631](/ (6.21)
X, 2]
PXl
y = [2 1] < + w (6.22)
|72
- T o, i
El(E) ¢ ()] = B(t - T) (6.23)
o R e e RN RICRC SR O Mt AR ST A VA IR R e AR

b Bx S e i O R,

Lol a d o

£l

- Tyt e Pt et

[ Y

L 5N %

"

N RRCTUN RN



(AN, B SUAR AN 0 00 U 900, 0" L ATILANL S LR iy MW R W K W WL N WL G e o T O R T I OO 1 VIR TR WV OV '\“'.‘L"lm
Iy
L%
'
“~

117 y

Elw(t)w’ (£)] = 6(t - ©) (6.24) ]
%t
]
(%t
T !
El/(thw" (T)] = 0 (6.25)
o
i X] 3
u = -[58 18] (6.26) N,
522 .
":
1,
. \
%, : ':
. = X = (A-BL)X + K[y-HR) (6.27)
5 "
2 -
< 7 T "
P, = -P.A-A P, + L'R.L + Q. (6.28) :
)
L] .:
P = aP_+ P A% - RR KX + Q 5.29 :
o 0 ) o o) (6.29) N
he
]
v = STo=1 ]
R = P H Ry (6.38)
)
N
wherea N
2
.V
R =1 (6.31) 3
[ 'n
(%t
~
_ 2800 473.29 R
Q. = [473.29 80 ] (6.32) \
Ny
ey
Ro = ] (6.33) '
&
)
_ [1225 =-2125 2{e o . 0
% = {—2&5 3721] * g [@ 1] (6.24) ;
'l
t
Tnis system represents a we2akly stable systen, ::E:
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where weakly implies the system has poor phase margin
[41}. Doyle and Stein set out to increase the stability
{ or robustness ) of the system by adding a constant
fictitious term, q2, to the process noise <covariance
matrix, Qo' By using Nygquist diagrams, Doyle and Stein
were able to come up with a reasonable compromise
between noise performance and robustness by increasing
2 2

g [417. By increasing q“, the error covariance

increases and the closed loop stability margins improve.

6.2.2.1 Steady-State Eigenvalue and Lyapunov Function

Analysis

As in the calar <case in Section 6.2.1.2,
steadv-state analysis is appiied to the clos2d 100p sys-

tem and the two Lyapunov functions. For this example, a

n

varia+tion in the con=trol mastrix, B, 1 investigateaj
i.e. AB ). Acceptable ranges of AB variations were gen-
erated for q2 set to 3, 100, 1008, and 10000, which were
the same values selected by Doyle and Stein.

For the -eigenvalue analysis, the <c¢losed 1loop

system matrix is

A."B L.*Dpp Bele*Pp

- (6A35)
D AC KCHC+D

B

where IV Dy and D come from eguations (4.14), (4.15),
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and {(4.18), respectively. The 1inequality constraint
that validates the Lyapunov function derived without
parameter variations is equation (4.26) and the inegual-
ity constraint that wvalidates the Lyapunov function
derived with parameter variations 1is equation (4.40).

The results are shown in Table 6.2.

| fvstenm | Lyapunov Function | Lyapunsv function
. Matrix w/c Parameter w/ Porzmexear
v Eizenvalues Uncertainties Uncertaint.es
0 AB>-.2 -.0025</R<.0025 Ap>—.2
106 AB>-.25 -.0045<AB<¢, 0045 /AB>~.25
10CC SE>— 65 ~.0155<¢ B¢ 017 AT
100C0 Ary-1.05 -.0285</AB<.0275 \B>-1.05

IELE €.2 Accentable Ranges of Farameter Uncertaintie:s
ivariable Probilerw.

The Lyapunov function derived without parameter
uncertainties has both upper and lower bounds on AB, as
in the scalar case. These bounds are much narrower than
in the scalar problem. The bounds on AB produced by the
Lyapunov function which includes parameter uncertainties
are identical to those 0f the system eigenvaluse

analysis. As in the paper by Doyle and Stein {41], the
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system stability margins increased as q2 is increased in
both Lyapunov function analysis. The Lyapunov function,
which consisted of combining the separate controller and
observer Lyapunov functions, was also evaluated under
variations of AB, and was found to be an invalid
Lyapunov function given the system parameters defined in

the paper [41].

6.2.2.2 Performance Analysis Through the Lyapunov Egua-

tion

In the previous section the Lyapunov function
derived with parameter uncertainties is very accurate in
identifying acceptable ranges of AR variations for sys-
tem stability through teady-stats analysis. In this
section, the actual time response of the Lyapunov edgqua-
tion (4,80 for the Ln g function derived with

parameter uncertainties is investigated.

Figures © to 6.4 show the minimum eigenvalue

of the Lyapunov eguation for q2

=@, 102, 1000, and 10000.
For each value of qz, several values of AB are con-
sidered. The figures do not show any significant
changes to the minimum eigenvalues. The figures do show

that the solution to the Lyepunov eguation 1is positive

definite for K>0.
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Figures 6.5 to 6.8 show the maximum eigenvalue
of the Lyapunov equation for the same values of q2 and
AB. When AB exceeds the acceptable ranges identified in
the previous section, the maximum eigenvalue becomes
unbounded with very 1large negative slopes. With the
system going unstable and the states diverging, the
Lyapunov equation becomes unbounded from above. Since
the steady-state analysis 1is meaningless for the time-
varying problem, this type o0f analysis is more appropri-

ate.
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6.2.2.3 Robustness Improvements Through Lyapunov Func-

tion

For this linear problem, Doyle and Stein
improved the robustness characteristics ( or stability
margin ) by adding a "fictitious noise" term to the pro-
cess noise covariance matrix [41]. A more systematic
way to improve stability margins might be available by
taking a closer look at the Lyapunov function which con-
sists of combining the separate controller and observer
Lyapunov functions (equation 2.67).

From Section 1II, the condition necessary for

this function to be a valid Lyapunov function is that

-L"RL-2 T
c RL
. L <8 (6.36)
L RL -1 -1 _.,,T.-1
. ) o - ) 121
E Qo- H Ro
This may not always be true ( and in the cases, so far,

it has not been true )} ; however, R, O_, Ro’ and Qo can

be choosen to ensure that the ineguality constraint is

valid. Doyle and Stein's approach involved 1increasing

Q., which would improve the negative definiteness of the

o

lef: side of eqguaction (6.36). Another way might be to

decrease R_., Tnis implies that, given the <¢ontroller,

s
ot
]

e in accuracy tc

2

“he measurement device has to have a

e
[o])

ensure the system remains stable. A thi way would be
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to decrease Qc in the control design. Tnis has the
effect of decreasing the control gain, L. Although this
can make the system more robust, it has the adverse
effect of reducing the response of the closed loop sys-

tem. There 1s a tradeoff to be made between syvstem

response time and robustness to system modelling errors.

For this study, Q_ was changed to Q_ by the fol-

ineguality constreint,

The closed 1loop simulation was run using this

new control gain for q2 = ¢ and AB = @, -.25, and -.75.

-

Only g = @ was used since it demonstrated the least
system robustness i Figures 6.9, 6.18, and
6.1 represant n : > by Doyle and Stein using the

control gain } | ' {6.26). FPigures 6.12, 6.13,
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and 6.14 represent the same system with the exception of
the control gain, L, (equation 6.39). The results on
the last three figures show that the system is much more
robust then the results using the original control gain;

although the system is somewhat less responsive.

Thus, this Lyapunov function provides a means
for making the <controller/observer system more stable
(or robust) through an overall design selection of the

controller and observer parameters.,
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6.3 Linear, Tlme-Varying Guidance Problem
'
[)
! The system selected for this analysis 1is
:
D) .
) X = AX + Bu(t) + w , x(to) = ¥, (6.40)
f
3 where X 1s a é-state vector of the 2-dimensional com-
b ponents of relative ©position, velocitv, and target
!
) cceleration, and u is the 2-dimensional missile
acceleration. In addition,
)
i
b
D)
)
! 2 I 2
A = 4] 4] I {6.41)
h 2 2 —ATI
i
; e
3 = |-1 (5.42)
. [@J
; Uity o= -Lityk (6.43
X = (A-BL(t))X + K[v-HX] , i(to) = %o (6.44)
)
y = Hx + (/ (6.45)
X E=0I ¢ ¢ ; (6.46)
[
. N(Q,QO) PR G N(E,Ro} (6.47)
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(6.48)

(6.49)

LT . .
where ,° 1s the target acceleration response time coef-
ficient and 1 1is a 2x2 identity matrix. Tne 1initial

conditions for the closed loop system are

x = [ 359¢ , 1500 , -11g2 , -1506 , 1@ ,

)
1

3900 , 12006 , -S59 , -1@690 , © , O ]

Tns zuoidancs lasw sslectel for this study comss
from linear guadratic Gaussian theory, and 1is derived
IroT tnz fzllowinc ooTTiTmizzTisn Troclam [1L0d

-
l ~ \r\-c ~
J = Zx; 8 x, = =0 7 ¢"Rru d= §.200
ZoEVENE 2y B
subject to equation (6.40), where
I € @
G, =le ¢ o [6.523)
- g ¢ Cjlexs
o= 7 E] , o= 1277 (5.54
1 9 s
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This cost functional 1is constructed to minimize

final miss distance with no weighting on final relative
velocitv nor target acceleration, and a weighted cost on
the control ( miscsile acceleration ) through the
integral term [109]. The weighting factor, b, deter-
mines the dearee of cost of control versus cost of ter-
minal miss distance. A small value of b implies more
emphasis 1s placed on minimizina terminal mise distance
An important point to make is that the optimiza-

tion problem is based on the assumption that the control

- v 9 4 1 -~ q - < 7«
vector, u, is the migsile's acceleration. This 1mplies
- o~ 9 hl - - - -~ - -~ - i S
that ths missile has instantaneous responss and comoiste

control over all inertial acceleration components.

Tne optimizaztion problem  generat=s 2z linszr,
closed-form contrcl Liaw of the form 1109]
2«
! - - - :_: r - - , - ~ -
ait) = 33“.‘.,,1 I L-gj. I’\TJ. Ix(t) {(6.55)
wnere
t, = te -t (6.56)
ani
_“':c )
"_: = (=3 o= r\Tt: - 2 /"’T‘ (6-:'
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In practice, the control law, ult), is a func-
tion of the estimated states, X(t), and not the true
states, x(t), which are typically unknown. This 1s jus-

P

tified through the separation principle.

6.3.2 Time-To-Co Error Analysis

Note that the control law, eguation (5.55), is
an explicit function of t,. The theory that is used to

obta2in the solu+tion assumed that <the £final time,

specified; therefore, to insure optimality, tf must be
e

known apriori or at least accurately estimated during
£light [1i@9;. Since tf cannot De realisticall Known
apriori ( especially for & maneuvering target ) , tf (or
T, must be estimata2., Studies have shown that the

curacy of t_ can drastically affect the performance of

“mn2  control law  T10¢, 1317 nowsver, wnzt =Iffzct do=s
this have on tne performance 0of the system
To analvze tne effects of arrors in t, on the
performan of the c¢closed loop svstem, consider model-
ling t_ as the following
g S
tE =2t <+ B (6.58)

wnere : 1g a scele factor error, B 1s =z bizs error 2and
T, is tns tTrue time-t0o=-go, whicn comess frox eguation
{€.5€!, wnere t_. 1t s=2t to 4 seconis. Sczle facror
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are selected as 1.5, 1.8, anid @.5. The effect

n

of these errors are evaluated separately from the bpias

errors, which are selected as -0.2, 6, and 0.2.

Using eguation (6.58) in the control law, a

simulation of the system defined in Section 6.3 was run

for the various scale factor and bias errors

(2 =1 and B = 9 implies zero errors ). The simulation

is used to evaluate the three Lvapunov functions derived

earlier: The Lyapunov function which is the combination

seperate controller and ooserver Lvapunov func-

the Lyapunov function derived without parameter

and the Lyapunov £function derived with

For <the different wvalues of

and bias error, the three Lvapunov

= 2 . & - . s -
0 dete2rmine 1f thev remzin 2

i

valid Lvapunov function. The combined Lvapunov function
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3
4 T T
D D 2 = ¢
AB K A, B,' IS
+ K K+1 K K
T T ) D !
D D o K &, )
B BM K+1 K
. K K
¥
K C
\ — T T 1( 2 D D "
X A, D X “ “aB B ¢
K K K+1 K K b
) + < B (6.59)
T T} 2 o D D =
B! A '" i K BM '
' K K K+1 X k
N ’
¢
. . . . N
The Lyapunov function derived without parameter o
I
uncertainties is also positive definite for all x,e # ¢ -
- )
and all scale factor and Dbias errors. Tne condition for }
the slope of the combined Lyapunov function to be nega-
tive sa2midefinite for all x anéd = comes from eguaction .
]
(4.65). The Lvapunov function derived with parameter ~
! N
R . . - =
! uncercaintiss 1s zositive Zszfinzze for all x,=2 = 0 wnzan .
’ 3
5 eguation {4.82) is sazisfi=gd, Tne siope o©f chis Y
]
lv.
- Lvapunov function 1s nezative semnigefinite for =211 O
5 i~
! va_lues 0f scaele factor and bizs errors. N
f N,
)
Since the system evaluated 1is a finite-time "
]
‘ . . ~3
problem, the Lvapunov functions cannot be wused as a N
measure of svszem stanility. The Lvapunov functisns are Y
used to provide =z measure of svstem verformance, The "
! d
- 3 [
) gusstion 1s which Lyapunov function is tne Detter One )
L "
v
for mezsuring svstem performancs? Figurs 6.13 Is & vlot el
b
. o™
. B
b Eh!
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of the maximum eilgenvalue of eguation (6.59) for the
combined Lyapunov function, given no scals factor or
bias errors. Since this shows eguation (6.59) 1s not
negative semidefinite even for the error-free case, the
combined Lvapunov function is not a good measure of per-
formance for the system considered. The result 1is simi-
liar to the results found in the steady-state analysis,
The maximum eigenvalue for eguation (4.6%) starts =zt

=12

zero for t=t. and remains approximately -12 for

C <t < tf and for zll values of sczle factor and bias

errors. This indicates that the Lyapunov function
derived without parameter uncer*tzinties isgs valid for all

time-to-go errors. Figures 6.16 an

o
N
._J
~)
v
ot
o
ko]
Vs
O
ot
"
(@]
Y

the minimum eigenvalue of the Lyapunov eguation (equa-
tion {3.82)) for <=the Lyapunov Zfunction Jerived with

varameter uncertainties, given scale factor and bias

srrors, Tas clzenvz_ues retzined TosizTive for
¢ < 3 S~ = - LR . £ -
2 <t < tf, inaiczating that <tnis yapuno function 1is
- N~ & bl y - \ - o} S Z 1
valid for all time-t0-20 errors. Ficures ¢£.18 anc ¢.1

snow the maximum eigenvalue 0f the same Lvapunov egua-
tion, given scale factor and bias errors. These eigen-
values remain bounded for all wvalues of scale factor and

bias errcrs.

The results o©of the last <«wo Lvapunow functions
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6.31 are plots of the magnitude of relative position,
velocity, and target acceleration; as well as their
errors from the estimation algorithm for the set of
launch conditions specified in Section 6.3. These
results are useful in showing that the combined Lyapunov
function 1is a poor measure of performance for tnhis sys-

tem with time-to-go errors.

Both the scale factor errors and bias errors do

not dJdegrade the performance of tne system. An error 1in

)

tc| basicelly meant that final time, tf, was 1in error.

Since tf is considered a known parameter in the guidance

t

hat a bizs error in t

~
“

law derivation, =zthe result 1is

W

will cause the relative range to go to zero at whatever
tne valus 0f t_ nappens to be. For instance, 1f B = -.2
and t_. = 4, <tnhe estimate of tg Decomes 3.8 seconds.

~

Tnerefore, as seen i1n Figure 5,.2€, range goss %0 zero at

.t s=2concs. TT 18 irrelsvant wWnhzt nathens Deiween 3.5
and 4.9 seconds, since the objective was to drive the

range value o z2ro,. Scaire factor errors only affect
the rate at which the range value converges to zero,
Note that because this 1s a time-varying, linear system,

an eigenvalue analvsis cannot be performed.
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6.3.3 Target Acceleration Modellinag Errors v
3
X
. . . O
System paramet=r uncertainties and their effects h
. . . -~ Iyt
on system stability are discussed 1n Section IV, Since &
)
¢
tne emphasis is on finite time problems, the Lvapunov ‘Q
o
)
function derived without parameter uncertainties (egua- 'y
»
. . . . 0
tion (4.21)) and the VLyapunov function derived with ")
'
parameter uncertainties (equation (4.37)) are used to Y
]
.. _ t
provide a measure of system performance gilven parametar o,
»
. : : . . >
uncertainties, This section focuses on errors 1in the .
AN
o]
system matrix, A; 1in particular, errors 1in the target ﬁ‘
::u' ¢
acceleration time constant, ;_. As in the steady-state >
T ]
I-. \
analvsis of Sections 6.2.1.2 and 6.2.2.1, the first N
. . . ) -4
Lvapunov function 1is valid under a very narrow region -
fl
around tne true wvalue oI L. Tne Lvapundov function :”
- . - 3 . . . . : \
derived with parameter variations 1is valilid for a range 4
=
¢ zrizTion:s iIn i, "
N N
Consider tne designed system matrix ©o De Jde- ;V
f£ined, as in Section IV, in the followinz wa:s .
Ly
Jeg
A= a - AA (6.61)
-.“‘ ()
>
. . . ‘ e
where AR is the modelling error and involves errors 1in Qe
fm ONlv, Using the same svystem aefined 1n Section 6.3, i
S1mu.z2%i0on runs wars generzta2d for errors 1o A, L LA , ™
2 Y
»n
. . A
defined zg zne followinz o,
o
L}
O
o
P R B R R R T LR SR TR AR A



165

o

(6.60)

SIS

where A\A = B, 1, 2, and 3.

For these values of AA, the Lyapunov function
without parameter uncertainties and the Lyapunov func-
tion with parameter uncertainties are evaluated the same
way as in the time-to-go error analysis. The combined
Lvapunov function will not be wused for any further
analysis since the same system is used, and it is shown
that this Lyapunov function has a positive slope for
zero parameter ;;;oré.

Figure 6.32 is a plot of the maximum eigenvalue
of equation (4.65) for the Lyapunov function derived
without parameter uncertainties. For AA=0, the eigen-

value 1is approximately -18-12 for ®§t<tf. This small a

number cannot be seen on the £figure., For £§=18_7, the
maximum eigenvalue becomes positive, thus 1invalidating
this Lyapunov function. Figure 6.33 shows the minimum
eigenvalue of eguation (4.82) for the Lyvapunov eguation

derived with parameter uncertainties. Figures 6.34 and

6.35 show the maximum eigenvalue for the same Lyapunov

eguation. This Lyapunov eguation indicates good perfor-
mance for /AA=8 and ; nowever, the function becomes
unbounded from above for AL =2 and 3. Thus, for A2,

cates that the system will

fw

this Lyapunov eguation 1iné

?35flu
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not perform well for all x and e.

Figures 6.36-6.43 are plots of the magnitude of
relative posltion, velocity, and target acceleration; as
well as their errors from the estimation algorithm for
the set of launch conditions specified in Section 6.3.
These results are useful 1in showing that the Lyapunov
function without parameter uncertainties is a poor meas-
ure of performance for this system with target accelera-

tion modelling errors.
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6.4 Homing Missile Guidance Problem with Angle Only

Measurements

.

[l

The system selected for this analysis is identi-

[

»

cal to the one defined in Section 6.3, except that the

G

measurement model is a nonlinear function of the system

o

states representing an angular measurement from the fol-

% B e 2T

lowing figure,.
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Angular Measurement
System States

X

The measurement model now becomes
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6 = h(x) = tan" 1 (¥, (6.63)

X

The estimation algorithm can no longer be a linear Kal-

S U AR AL

man observer, as in Section 6.3, since the measurement

model 1is nonlinear.

R g B

6.4.1 Pseudomeasurement Observer

L e

The pseudomeasurement observer (PMO) is selected

as the estimation algorithm because it 1is reasonably

P
2 e
es,

=ttt

easy to mechanize ( like the extended Kalman observer )

and it has global convergence properties [119,128]. The

X 5 -

algorithm for the PMC is [119,120)

P

L XY
-

n 4
-

2FT R

» >

for v

P

9= . ‘,-{(} N

AL APRIN

- " 1
v‘.J‘ [0 |

o

modifiable (119,

R
.A

N T

- )

- ~. .‘- - ..- | RN ﬁ. N K WG RN \-‘\- " \".“;\I oo d\ « "v - _.. DA \f\d e x \q .



v

1
ConC e L 3

LAY L

PXXXAN?

181
[ ]
. . . n . o ’
a time-varying function h: R ->RP is a modifiable non- v
s
linear system function 1if there exists a p x n time- E
v
. . . n
varying matrix of functions g: R x r" -> RP*M oo that
for any x, Xx <« R and y < R7?,
—_— * —
h{(x) - h{(x) = gly ,x)(x - Xx) (6.68)
and
e £ . . »
n{x) - h(x) = gy ,X)(x - X) (6.69) :
.
4
’-
. . g
6.4.2 Taraget Acceleration Modelling Errors 5
’
: : . r
The target acceleration modelling error analysis -
follows the sames work discussed in Section 6.3.3, where -
the target acceleration modelling error comes from equz- ?
tions (6.68) and (6.61), and where AR is selected as 2, ‘
\Y
5 -
i, 2, and 3, >
For these values of AA, both the Lvapunov func- !
: “~
. L . N ~
tion without parameter uncertainties and the Lyapunov N
function with ©parameter uncertzinties are evaluated \

1

using the PMO algorithm and the initizl conditions from

cea-
']

oty

21

Section 6.3 and 6.4. Figure 6.45 1is the maximum eigen-
value of ecguation [(4.63) for +the Lyapunov function X
derived without parameter uncertainties. Tne results
indizate that for verv smail /& LQZ=10--), the maxXimum
eigenvalue oDecomes positive, thus invalidating tnlsg
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Lyapunov function. Figures 6.46 and 6.47 show the
minimum eigenvalue of equation (4.82) for the Lyapunov
function with parameter uncertainties. Figures 6.48 and
6.49 show the maximum eigenvalue for the same Lyapunov
eguation. This Lyapunov eguation shows that the system
performs well for AA=0 and 1. For AA=2 and 3, the
Lyapunov function 1indicates that the system will not

perform well for all x and e.

=

Figures 6.50-6.57 are plo

e

s 0of the magnitude of

ry

relative positicn, wvelocity, and <target acceleration;

as well as their errors from the PMO for the set of

(B4

launch conditions specified in Section 5.2, Agzin,

these results are useful in showing that the Lyvapunov
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6.4.3 Observer Performance Improvements

The purposes of this s2ction 1s to dJdemonstrate

the usefulness of the LQG guidance law, derived to

minimize terminal miss distance as well maximize the oD~
servability Grammian matrix of the PMO ( eguation 5.22-

5.25 ). To simplify the analysis, a 2-dimensional sys-

tem model 1s used. For a 2-dimensional system, the

measurement model comes from eguations {6.62) angd

(6.63). For the PMO, the measurement model 1is
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which is a 6x6 matrix.
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Pizure §,38, Intercep:t Geometry k
N o =
the following initial launch conditions are selected to v
t

cl

(@)

selv match <those by Hull, Spey=2r, Tsen

P

, and Larson

39

1” +

[631: Initial range of 39806 ftr., missile velocity of %
a¥ .t

292 ft.-ssc., tarzget valocity of 322 ZIZt.ssec., tzrges ‘?
.:

directicn of &, = 22 3deg5., and zero target acceleration. ;'
“Ga¥

Figures (6.59) 2and (6.60) snow tne results of 5

U

using pro-nav guidance and the LQG suidance law ( egua-

Y Les

tion 6.55 ), respectively. 1In both cases, the main goal

]

. . %

is to hit the target. )

~ . » ‘ o

To solve the LDG guidance law which increases %

s . . . W

the PMO's observability Grammian matrix ( equations "
.11-5.12 )y the diffesrential aguations {eguations

5.22-5.25) have to

o2 s0lved backward in =Zime from t. %o
o
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Ty Tne first step is to usz the foliowiny approxima-

tion for t since it 1is not readily available.

f'
+ = - R (6.82)

With this ter the guidance law 1s solved and implement=zd
in the simulation, where the results are on Figure
(6.61) for d = .667. The missile swings past the line-
of-sight to the target and then comes back. This 1is
similiar to the results of Hull, Speyer, Tseng, and Lar-
son [63], except that the missile overshoots the target
at the end. This 1is because te is an approximation
(eguation 6.73) and is onlv solved once.

The next step 1s to update te periodically, as
is done 1in the LG guidance law, and resolve ths new
guidance law cach +time. The new results, shown in Fig-

sxception

rs
(D

{6.52), snow a similar crajectory with tn

(.
(1))

nat tne missile hits the target.

ot

Increasing the PMO's observability Grammian
means decreasing the PMO's error variance. To show 1if
this new guidance law decreases the PMO's error variance

matrix (egquation 5.11), a time-plot is generated of the

m

maximum eigenvalue ©¢f the =rror variance matrix o0f th
PMO, with both the standard LG guidance law and the new

LQG guidance 1law. Tne results, (Figure (6.63)), show

t

ol

v

t the error variance 1s reduced by %the new L2G gui-
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dance law, as would be expected. The minimum eigenvalue

shows the same trend.

In addition, the minimum and maximum eigenvalues
of equation (4.65) for the Lyapunov function derived
without parameter uncertainties are generated for the
new guidance law using the PMO and the LQG guidance law
using the same observer. Figure 6.64 shows that the
minimum eigenvalue of the Lyapunov eguation for the new
guidance law has a slightly larger negative slope and
more positive value, but still remains bounded. The
increased slope is due to the fact that the system ini-
tially diverges to 1improve observability. Figure 6.65

shows the same trend for the maximum eigenvalue.

The results show that the guidance law causes
the missile to maneuver in such a way as to improve the
observability ©0f the nonlinear measurements with 2
slight deterioration to the Lyapunov funtion. The end
result is a guidance law that still hits the target, and
in addition improves the PMO's performance by increasing
its observability Grammian matrix. The fact that the
maximum eicz2nvalue of the Lyapunov equation has a larger
slope indicates that the convergence is faster than that
of the LQG guidance law. The larger positive wvalue in
the beginning is due to the missile's initial deviation

from the target.
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SECTION VII

CONCLUSIONS

Given the linear, time-varying closed-loop sys-
tem with an observer in the loop, several Lyapunov func-
tions are derived for the first time, to show that these
svstams are stable in the sense o0of Lyapunov. The
Lyapunov functions are used to provide a measure of per-
formance, independent of the path taken, for the linear,
finite-time problem, and certain classes of nonlinear,

finite-time problems like the homing missile problem,

The Lyapunov function which consists of adding
control our function by Anderson and Moore
function ov

controilisr  perior

combined Lyapunov

th2 control geln.
Lyapunov function is used as a means of improving the
stability of the controller/observer system through an
overall design selection of the controller and observer
parameters to meet the Lvapunov function requirements.

This 1is 1 ion 6.2.2.3; where
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Since the combined Lyapunov function 1s not

valid for all controller/observer a Lyapunov

systems,
function is derived for the cascaded systam., The result
1s a Lyapunov function which consists o©f the separate
controller and observer Lvapunce functions and an addi-
tional term, which 1is a coupling of the system states
observer errors. This function 1is

and the Lyapunov

valid for all controller/observer systems. when systcm

parameter uncertainties are introduced, this Lyapuncv
function 1is not very useful for identifying system sta-
bility. This is shown in Sections 6.2.1, 6.2.2, 6.3.3,

2nd 6.4.2.

A Lyapunov function 1s derived to directly ac~
count for system paramst2r variations. This Lyapunov

& N - - e .. .~ - - . .~ N s A -~ o - = PO
function 13 wverv afcuracs 1in identifving system stanili-

v 0of =-he linesar, time-invariant svstem under Darameter
VEriatlons wnen COTDaIsec o elzenvalus 2nzlvusis., Tnis

Lvapunov function is 21so useful in providing a mesasure

of svystem performance for the linear, <cime-varying,

finite-time ©problem and the homing missile guidance

problem. The results of this are 1in Sections 6.2.1,

6.2.2, 6.3.3, and 6.4.,2.
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causes tne micsile to maneuver 1n such a way as to in-

crease the observability Grammian matrix of the observer
and still hit the target. The results are very close to
those by Hull, Sneyer, Tseng, and Larson [63]. The
Lyapunov function from Section III1, which 1s used as the
basis for the derivation of this guidance law, shows an
improvement in performance over the linear quadratic
The main contribution 1is that a

Gaussian guidance law.

closed-loop solution of the control law is obtained.

Tnere are several limitations to the usefulness
of the Lyapunov functions derived for the linear, time-
varying controller /observer cascaded system, First, they
are only valid for the deterministic systems. Second,

thev can onlv be used to determine svstem stapilicyv for

inflnitz-zime proolem. tven <tnan, 1t is 3 2Efi-

n
|

ure 1s determined bpy solving backward Lvapunov egu

tions. This requires a fairly good estimate of the fi-
nal time for the system of interest. For the homing
missile guidance problem, an estimate of final time 1is
reiatively easy to obtzain. And fourth, Lyapunov £func-
tions are not unigue,. Tnere are Several Lvaodunov func-
tions derived 1n tnis dissertaztion, some of walzh are

more ussful than others. Tha2re may be & Lvaounov
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tion that is even better suited for this type of system.

There is a need for future research in stability
analysis of closed-loop systems with an observer in the
loop. The Lyapunov functions should be expanded to sto-
chastic systems, which have a more practical meaning.
Since the Lyapunov function is not unique, the develop-

ment of a Lyapunov function for other aspects of system

performance (other than parameter uncertainties) should

be considered.

e T e A Y W
AP 2 e, S A A RS2t Vi bt

A -

o ow e

-..
¢ ¥,




ERTOCAX X AN MR U N AN U

». . V0

W WY "'.‘ "'. 4 -“\.'- oV et "‘ _ W " ,’1..’-.¢“-- hY \Ill\lﬂ

APPENDIX A

INVERSE OF DISCRETE ERROR COVARIANCE (P;l

Given the discrete Kalman filter eguations

= / / (2
Yg = Hgxg *t g0 Vg o~ N(ZARg)
define
Pp = BL(xg = Rp) (xp = %) ]
= - -~ .7
D = p - -
L B[ (xg Ko ) (Xg Xg) 7]

Subs+tituting egquations (a.1) and (A.2) into

ragsulcs in
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Ef(I KKHK)(XK xK)(xK XK) (I KKHK) ]+ L..KKQK(/KKK]
- 7T T]
E[KK(%(XK_XK) (1 KKHK)
= T T
- - - ]
E[(I KKHK)(xK xK)VkKK, (A.7)
Carrying ¢thiough the expected value and noting
that the mecasurement noise (Uk) is uncorrelated with the
states, Xgr the result 1is the Joseph-Bucy form of <the
update equation for the discrete Kalman filter
P = (I - K H,)P, (I - K H )T + K R K> (A.8)
K K"'K’'"K K"K K"K 'K ’
where
= .T . .
g T Bgo1Pro17R-1 T ke (5.3
Zombinina eguaticns (A.8) and (A.9) results in
p ; o .al (1 -k B
P = (1 = RgBpd By g Pe g hgoy (17 Ryly)
+ (I - K E,)Q, (I ~ K H ) ¥ + K R K- (A.10)
K"K’ K K"K K" KK ‘
Define
- - K ! 11
AK - (I -\FHK)AK‘_I \A-4.-L)
Y, = (1 - K 8,)0,(1 = K, H,)L + K,R K= (A.12)
K — K“K’ =K~ K“K- KK K The
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such that equation (A.l10) becomes

P, = AP AK + VK (A.13)

The Lyapunov function for the observer 1is sslected as

= elpile (A.14)

v K"K “K

K (Xgr®grtg)

T

K[KTD_l E, - polje

= Sk IPRTR+1%) K

(A.17)

Substituting equations (A.8) and (A.9) into equation

-1

s in
K+l results

(A.17) for P




RS Py

A N T I T O R A R R R R W W e P T I O N O O TR O TS

o
P =3

opservable, the system described by equation (A.153) 1is

asymptotically stable. Therefore, must converge to

°K

zero and AK is nonsingular. Equation (A.18) becomes

T T, -1 -1
eK ) P "le

K (A.19)

- -1y x"
ﬁNK = [(P_+& YKAK

K 7K K

Applying the matrix inversion lemma to the right side of

equation (A.19) results in

T -1

_ _ To-1,-1,-1,-T_-1
ﬁNK = eK[ PK

B R
AK (yK +A, P, "A,7) A, "P_ e

K K “K K °K (A.20)

K

which 1is negative definite for eK#@. Therefore, Q_
K

becomes
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APPENDIX B

STOCHASTIC DIFFERENTIAL / DIFFERENCE EQUATIONS

Continuous-Time Problems:

Let g(x,t) be a scalar real function continu-
ously differentiable in t and having second mixed par-
tial derivatives with espect to x, then the differential

3dd of & 1is

dg = g.dt + g _ax + ﬁ.Str(GQGT¢XX)dt (B.1)

for the stochastic differential eguation
dx = f(x,t)dt + G(x,t)dB (B.2)

£(dsagT] = odt (8.3)

The stochastic differentizl eguations for the

closed-1lo0p system are
x = (A-BL)x + BLe + w , w . N(6,Q) (B.4)

e = (A-KH)e - K{/ + w , ( . N(@,R (B.5)

Rewriting these eguations in a more general form

dx = "(A-BL)x + 3Le]dt + dB (B.6)
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de = (A-KH)edt - KA/ + 4B (B.7) ]

U

b,

)

where dB = w dt , 4¢ = (At. \
B and (/ are brownian motion processes with the following "
»

o

properties

E(dB] = E(d(] = 0O (B.8) &

(B.9) o%

[]
©l
(o)
(as

r(agap”)

]
w|
Q
ot

E[dyayr] (B.10) )

E(apayT) = 2 (B.11) 4

given the following definitions

X = E[xx"] (B.12)

. -

e,

El[xel) (B.12)

w)
I
e

PR L ER o

LB 8

T

M "1{' '.A

o
In

Elee”] (B.14)

¥

Applying egquation (B.l) to (B.12) first results in

Tr o

KT R 7 e

-

o

gt
L DA AP O
Wab i) ’ , ah L

] T R Y W™ i " ™ M P %™ oy w - A NN Ut T T = ™ " -y
R i A RSN A RO O i XK o RO X UM UMM MR, S L S AL S LA O L A R, 'l. D ‘t.‘.



£
F—
~J
e
P

3% = 3E[xxY) = EA[xxT) X

=E{ ([ (A-BL)x + BLe]dt + dp)x" i

+ x([(A-BL)x + BLe]dt + dp)T Rt

+ apapTat) (B.15) )

Carrying the expectation through, using the definitions W

(B.12)-(B.14), eguation (B.15) becomes ?

T

dx = [(a-BL)X + x(2-BL)T + BLsT + suTeT + 314t (B.16) *?

. . "
which can be rewritten as ’:

D e
1\
n

I
[}
w
[“
5
¥
>
Kod
1
w
tﬂ
+
w
c
)
+
w
rﬂ
w
+

[ @]]
w
-
[\¢]

Applyina equation (B.1l) to (B.1l3) results in M

T

ds = dE[xeY] = Ed[xe-) (B.28)

= E{([(A-BL)x + BLe]dt + dp)e’ 7
+ x((A-KH)edt - KAy + dB) T + Qat) (B.21) A

T

= E{[(A=-BL)xe  + BLeeT]dt + dBeT

™

+ xe” (A-RH) “dt - demKT + xdB® + Qdt} (2.22) Qﬂ
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Carrying through the expesctations, using the definitions

(B.12)-(B.14), eguation (B.22) becomes

dS = [(A-BL)S + BLP]dt + S(A-KH) dt + Qdt (B.23) N

which can be rewritten as

Q,
w0

T 4+ BLP + 0 (B.24) i

[OHR]
n

= (A-BL)S + S (A-KH)

Qj
ct

Applying equations (B.l) to (B.l4) results in
4
] = Ed[ee") (B.25) .

= E{[(A-KH)edt - KA + .j‘B]eT

L LTI

-
N

+ 2l (

I

-RH)edt - &3¢ + dB) T

> 2 - N

Rl e

N
’!

m m m
= E{(A-KH)ee*dt - Kd(e“"dBe~

N

e
s
X,

« Y
r
-

-

+ eeT(a-xm) Yat - ed(TxkT + eap”

o

s'J'

+ (kRxT + §yac! (B.27) %
b

Carrying the expectation through results in X
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t2
—
Ne

T WY V_X

T

4P = (A-KH4)Pdt + P (A-KH) dt + (KRK® + DJ)dt (B.28) -

which can be rewritten as

x_a_w_ =
-

S

ST~ RSO

-

o7
lae]

(A-KH)P + P(A—KH)T + KRxT + 0 (B.29)

g
1}
1n

[oF
(as

Equations (B.19),(B.24), and (B.29) are the constraint

equations for the continuous-time optimization problem.

Discrete-Time Problem: 8,

The stochastic difference equations for the )

closed-lo0op system are

X.. = AKXK + B,L ey + w (B.30) <4

s TR A AR AR

-

where O

E =1Aa, - B.L (B.32) N

K - Kre1Bge1®x (B.33)

we - N(@,EK) r Vg - N(@,I_D\K) (B.34)
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X = E

(B.37)

T T=T T, T,T

T T
+
BKLKeKu? + uleKAK + u?eKLKBK + ukuk} (B.38)

and carrying through the expectation in eguation (B.38)

results in

Xgo] = FgXghe + B L SPEC + T 5 L787
X+1 PRAK KR K“K K™K R Gl
T.T
* ByLpPrlgBr * % (B.39)
Given
S, = E[x,ex) (B.48)
K = K€K .
S, . = Elx, . ex..] (B.41)
K+1 “1TR+]1 TK+1 g
= ©/ (& A 1 * - % ‘1a T, AN
BilAgxg *+ Bglyeg * Wyl [Ageg = Kpoyfgay + w7084
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AaNel i S e MR T AT

221
= EiRygxgephy — Ryxelp, Kyp) + By
+ ByLyepeghy BKLKGKV§+1K§+1 + ByLye uy
*uyeRy - Wl Keay + ) (.43)

and carrying through the expectation in equation (B.43)

results in

= T T =
Sg+1l = BgSghRyg * BRL PLAg + Oy (B.44)
Gife"
P, = Ele eT] (B.45)
K = ='Sg°k .
p = BEle, - er ] (B.46)
K+1 S“LER+17K+] :
=E{(E e - K (. + u,) (& K (. + u;)T?(a 57)
CUOREK K+1 "K+1 K K*K K+1"K+1 K’ o ).
]
r::
R T, T _ I T T i}
Eihgegephy = Aoeplki1Rie1 T B 2

l' N

s

P
.
>

T T

T,.T R

/ e B + K

T
- / -
Kee1YR+1%5k K+1 Yg+1 Yk+18g41 K+1 YR+19%




results 1in ”

T - T J
D - - , .
K+1 - PkPkPk Y Fr+1Rk+18k+1 K+1 (B.49)

©l
b4

“a %
e

Equations (B.39), (B.44), and (B.49) are the c¢onstraint

2V

equations for the discrete-time optimization problem.
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APPENDIX C
LYAPUNOV FUNCTION VIA HAMILTON-JAZOBI EQUATION
The performance index is as follows:
. LT T
J = fofxf + efoef
t
+ J(f (xTQﬁx + eTQQe + uTR"u)dt (C.1)
subject to
X = AX + Bu (C.2)
e = (A - KH)e (C.3)
where
- *
u = -LXx = -L(x=-e) = u + Le (C.4)
-1.7T =
L = R "B /k (C.35)

*
and u 1is the optimal control.

Define the Lyapunov function as the optimal return func-

tion
T T C o)
V = x7/\,x + ¢ A?e = miniJ;: = J (C.6)
X *
u
Jsing +these ecuations and tne Hamilton-Jacobl eguation
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to

Y min{H} (C.7)

where H ( the Hamiltonian )} 1is represented Dby the par-

tial differential equation:

T T T
+ X ch + e Qee + U Rcu (C.8)

the differential egquations for AX and ﬁ? are derived by

equating like-terms 1in eguation (C.7). First, solving

D

guation (C.8) results in
= T T
H = 2x Ax(Ax+Bu) + 2e"/\o (A-KH) e

T T T
+ X7Q_.x + e Qee + U-Ru (C.9)

*

Tne minimizaticn with respect to u is accom-

[80]

plished by making the following substitution from (C.4)

u = -RIVBIAK + Le (C.10)

Therefore
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T 1T }:
. T T T -
= A - .
ml*n{H} X /‘XAx + X A" w X 2% /\(BRc B /\Ax 3
i
u 3
%y
T T T,T T
+2x/\(BLe+e/\PAe+eA/\Pe+chx ~
R
T -1,7T T -1.T »
+ e’0. e + (Le-R."BY/A\x) "R (Le-R "B\ Xx) (C.11) ,;
Py’
M
where B = A - KH >
.,.
"
Tne left hand side of equation (C.7) 1is %\
Wit
WU
> 3
5% = XT/\Xx + eT/\Pe (C.12) ':,..
Eguation (C.11) and (C.12) are substituted in Eguation f
2
(C.7). ,:
o
.f
T, T, T T T, T v
B = X'/AUX + e /g8 + e/ e + X ALAX + X AT/AUX
X ® )2 "% % o
)
\'.#.
T T m T m \:~
- X"L'R_Lx + e*/\,he + e RT/\pe + X°Q X
+ eTQ e + eTLTR Le (C.13)
e o
or
= xTin v 2Th _ T .
0 XAy + B AT L'R.L + Q_:x
+ T A . o« 5+ LTR_L + i C.1ls
© Uy /\P “/\p L o + Qe;e (C.148)
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This leads to the following differential equations.
. T T
= - - -9 c.
,Ay /XA A'AX + L RCL Q. (C.15)
o T T
ANp = NpB - B/, - L'R.L - Q (C.16)
Using egquation (C.5), the differential equation
for ﬁx can be rewritten as
~ r _ 71, T, ., ~
Ny = AE = B/ L°R.L - Q (€C.17)
where A = A - BL
Thus, eguations (C.16) and (C.17) are the same as those
derived in Section III.
Wwith parametsr uncertzinty In the dyvnatic eguaticns,
equations (C.2) and (C,3) are written as
X = A'x + B'u (C.18)
e = Dx + A'e (C.19)
where
A' = A+ (A - Ac) (C.20)
B' =B+ (2 - B_) (.21
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BE' = AC - KCHC + (B-BC)LC - KC(I“I--M::')I_,c (C.22)
D = (A-RA,) - K (H-H ) - (B-B_)L_ + K_(M-M_)L_(C.23)
Using equations (C.18) and (C.19), the Hamilton-~Jacobi
equation (C.7) becomes
B = X?Axx + xTAse + E?Agx + E?A?e

T : T, _ LT , _ T T, T
+ X AXA X + XA ﬁkx X /XB ch X LCB ﬁxx
+ X?AXB'Lﬂe + eTLTB'Tﬁkx + e?AEA'x + XTX'?ACE

T,.T., _TT,T T.T.,- T.T_.,T.T
e ASB ch x"L_B ﬁse + e ASB L.e + e L:B ﬁge

T/ D ‘ TDT/_T . 'I/‘ TDT/ o T/, 1A
'f'X,\SX*-X ,\Sx e,\PDx+x ’\P"+X'\SA"

T faal m T T
+ eTRT/Gx * e\gR'e T eTA'Aje + xTQ X + e*Qee
m
+ xTLTR L ox - xTLIR Loe - e"LIR_L_x + e"LIR L_e(C.24)

Collecting xT{ Ix, xT{ }e, and eT{ }e terms while noting

L. # RT3
c

B'T/x (C.25)

results in
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RSl P e P

Ns = ARt - atAg = 1A

LIRS

-

_ T _ ' T
D /‘\P /\XB Lc + LCRCLC (C.27)

Mo = /eR' - BTy - AL

SRS ] -

= 1 To W TAT _ _
LCB /\S Qe L RCLC (C.28)
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C.29)

j1t--.' Aj»\'

A' = A' - B'L (C.30)

{C.26) through ({.28) can be rewritten as
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These equations are the same as those derived in Section )
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